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PREFACE. 



No branch of pure Mathematics presents more to interest 
and improve the mind of the mathematical student, than 
Analytical Geometry. Uniting the clearness of the geome- 
trical reasoning, with the brevity and generality of thp al- 
gebraic, it not only satisfies the requirements of the closest 
reasoner, but gives continued and increasing pleasure, by 
the elegance with which its varied results are deduced and 
interpreted. 

In preparing this treatise the Author has endeavoured 
to preserve the true spirit of Analysis, as developed by the 
celebrated French mathematician, Biot, in his admirable 
worlc on the same subject, while he has made such chan- 
ges, both in the arrangement of the matter and the methods 
of demonstration, as he believed would render the whole 
more attractive, and easily acquired by any student pos- 
sessing a knowledge of the elementary principles of Alge- 
bra and Geometry. 

In discussing the Conic sections he has preferred to con- 
sider the Parabola first, not only for the reason that the pro- 
perties of this curve are more simple and more easily de- 
duced than those of the others, but because, by this course, 
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he was enabled to treat of the Elhpse and Hyperbola to- 
gether, thus avoidingmuchoftherepetitionof words, which 
necessarily arises from their separate discussion. 

Although the treatise has been prepared with special 
reference to the wants of the Author's own classes at the 
Military Academy, he tmsts that it will be found accepta- 
ble and useful to all, who are disposed to advance in the 
higher branches of Analysis. 

Those who desire to make the subject as practical, as 
may be, will find in the last article of the work a large num- 
ber of examples. 

U. iS. Miiitary Academy, 
West Point, N.Y., July 1, 1851. 
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AIALTTICAL GEOIETET. 



DETERMINATE GEOMETRY. 

1. GEOMBTar, in its most general sense, has for its object, not 
only the measurement, but tbe development of the properties and 
yalationa, of lines, surfaces, and solids. 

This object may be attained, either hy operating directly upon 
(iie magnitudes themaelrea ; or, by representing them and their 
parts, by algebraic symbols, and operating upon these representa- 
t'ves by the known methods of Algebra, thus deducing results es- 
sentially the same as those which would be obtained by the direct 
method. As the reasoning employed is much generalized, and 
operations are much abridged by the application of Algebra, the 
latter method evidently possesses many advantages over the 
former. 

This latter method, which is Analytical Geometry, may be der 
fined to be t That branch of Mathematics, in which, the maffni- 
tvdes considered are represented by letters, and the properties and 
relations of these magnitudes made known hy the application of the 
various rules of Alrjebra. 

Annlyticid Geometry may be Determinate, or Jndeterminate. 
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S DETEIlMmATE OEOMETKr. 

DeUrntinale, when it has for its object the aohition of determi- 
nate problems, that is, of prohlems, in which, the given eonditioiw 
limit the number, and afford the means of deducing the values, of 
the required parts. 

Indetettnimite, when it has for its object the discussion of the 
general properties of geometrical magnitudes. 



3. Geometrical magnitudes may be lopri 
n two ways. 



sented algebraically, 




The magnitudes may be directly represented by letters ; 
S Hs the line AB,. given absolutely, may be re- 
presented by the symbol a. Likewise, the 
square AC, may be represented by the sym- 
bol A ; or better by the syinLol a^, a being 
the representative of the side AB. Also, the 
rectangle ABG'D' may he represented by the 
symbol B ; or by the product ab, a and h be- 
ing the representatives of the sides AB ana 
BC ; or more properly by c*, c representing 
the side of a square equivalent to the rectan- 
gle. In the same way, a cube would be re- 
presented by «', a being the representative of 
one of the edges ; and a rectangular paraJlelopipodon by (iBc or 
byd'. 

And in general, we thus represent a definite portion of a line, 
whether strdght or eiii-ved, by a single letter or expression of the 
first degree ; a snrface by the product of two letters or au expres- 
sion of tbe second degree ; and a solid hy an expression of the 
third degree. 

Setond. Instead of representing tJie magnitude directly, the al- 
gebrMC symbol may represent tlie number of times, that a given 
or assumed unit of measure is contained in the magnitude ; as, 
for the line AB, a may represent the number of times that a 
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GEOMEntY. S 

known unit of length is contained in it ; and <^ and ah or «^ tlie 
number of times that a square wliose side is tlie unit of length, ia 
tontained in the given sqiwae oi rectuigle , ind o' ^nd ahc, the 
number of cubic unite contained m the gnen cnlie or parallelopi 
pedon 

Since, ill this case, the algebraic symbols lepiesent abstract 
numbers, any algebioie esprebsion, thus composed is called nn 
abstract expression or equation, to distinguith it fiom one m wtich 
the diiect lepresentalives of the magmtudes enter bince a line 
3^ always represented by are alji.haic efpresiim of the jint deqice, 
such expicision is called hneai. Also, u linear tqiiation is nn 
equation of the first degree. 



3. From what precedes, it is evident, that any atetract expres- 
sion may be changed into one in which the direct representatives 
of the magnitudes enter, iy iuhstitutmg,for the repfeserttative of 
each abstract tiumiier, the repi'eseniative of the magnitude divided 
hy the rep-rcsentati-^e of the unit of measure. Thus in the expressiou, 

X = a + 1, 

X, a and 6 repi'csenting numbers ; if we substitute for them, tlieir 

equals ^, — , — , X, A and B being the direct representatives . 

of the magnitudes, and I that of tho unit of measure, ive have 

In t3ie samo way, tJie abstract expression 
X = at, + c, 
laay be elianged into tbe corresponding one, 

?:. = ^11 + 9- „ Xi- = AB + a. 
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It sliould be remarked, tbat every expression of this kind miist 
be homogeneous, else we should have magnitudes of different 
kinds added or subtracted or equal, which can not be. 



4. After having deduced a result, by the application of algebra 
to a geomoti'ical proposition, it will be necessaiy to explain this 
result geometrically, thftt is, to draw a (/eometrical figure, each of 
the parts of which shall have its representative in the algebraic 
expression, and also have the sama georaetrical relation to the others, 
as tkatindieated in tJie expression. This is called constructing the 
expression. 



1. Let 



I + 6. 



If a and 6 are the direct representatives of right lines, x wiU be 
the representative of their sum. To construct it, talte the line re- 
presented by a, in the dividers, and from any point A, on the 

„^_^__^_ indefinite line X'X as a point of 

-X~^A It ex.. . 

begjiming, or ongin, lay off AB 

equal to this distance, then from B lay off EC equal to the hne 
represented by b, the line AC = ATS + BC will evidently bo 



Or if a and 6 represent numbers, lay off from A, a times the 
unit of length, then from B, b times the same unit, and, aa before, 
AC will be the line represented by «. 



2. Let 

From A lay off AB -. 



a, tlien from B lay off, towards A, the 
_ distance EC = 5 ; 



will be tto line represented by te 
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If a ~ b, X wiil be equal to 0, the point C will e\'identiy 
£ill on A, and there will be no lino. 

K J > a, x will be easenfjally negative, the point C will 
fell on the left of A, as at C, and AC, laid off from A to the lef!, 
wiil be represented by a:. Tims, we see an illustration of tha 
principle taught in Tiigonometiy, that if lines having the positive 
sign are estimated or laid ofi' in one direction, those having the 
negative sign must be estimated in a contrary direction. 



a. Let X = —. 

In this case a; is a fourth proportional tec, a and 6, and is thus 
constructed. Draw any two right lines 
making an angle ; on one, from their 
point of intersection, as an oi-igin, lay off 
the distances AO = c and AB = a ; 
on the second, lay off AD = h ; join the points and D, and 
through B 4raw BX parallel to CD ; AX v/ill be the lino repre- 
sented by a:. For, we have 

AC : AB : : AD : AX or c : a : : h : AX 



This may bo pat under the form 
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DMSEM1NA.TE GffiOMKTlftY. 



; g, and coiisti'uot g as above, tlien w 



wHch may be constructed in the same way ; and so with any e 
pression, in whit-h the number of factors in the numerator is oi 
greater than in the denominator. 



5. Let a: = i/afi or ^ = ffl6. 

In this case, x is a mean proportional between a and 6. To 
construct it : On any right line, lay off AB = a ; from E lay 
off BC = 5 ; on the sum, AC, describe a 
semi-circle, and at the point B erect BX 
perpendicular to AC, The part BX, in- 
cluded between the diameter and eircum- 
ferencc, will be the line represented by x. 
For from a known property of the drcle, we have 

M^ = AB X BC or BX = Vab = ic. 



Place — = 5' and construct it as in example S, then we hai 
d 

which may be constructed as al)0ve. 
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GEOMETltf. 7 

In this case, w is the hjpothenuse of a right aiigled Iriangla, the 
two sides of which are a. and 6. Therefore, draw two hues form- 
ing, with each other, a right nngle : From 
the vertex, A, on one, lay off AB ^= a ; 
on the other, lay off AC = 6 ; join B 
and C, the line BC will he represented hy 
X. For we have 



From A, in the last figure, lay off AO = 6 ; then fiom as a 
centre, and with CU = a as a radius, describe an arc cutting AB 
in B ; the distance, AE, will be rejiresenfed by .r. For 

AB = Vbc^ ^'^ = V^"^^"" = X. 

9. Let X = t/o* + 6^ ~~^. 

Place a^ + 6* = g'', and construct ^ as in exan;ple 7 ; then 

a = Vif — c\ 
wbich may be construot(;d as atove. 

10. Li-.t 

11. Let 



12, 



1. Let X = yi- + Vi 





■ + ae. 




/« 
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8 BETEJiMlNATB OEOMETRV. 

6. Lot W3 now constvTict tho roots of tiie fouv forma of ei^uatioiis 
of the second degree. The first, 

31? -J- 2ax = 6', 
gives tlie roots 

«=--«+ V*' 4- a^ ' X = -' a - Vb-' + ai 

From any point, as A, lay off AB = 6 ; at B, erect the per- 
pendicular BO ~ a, then as in 
e sample 'J 

AG =: Vb^ + a\ 

Kow from 0, as an origin, lay off 
CD — a, then 

AG - CD = Vb^ + a^ - « = AD 

will be represented hy the first value of x. 
From E, lay off EC = a, also CA : 

- EG ~ CA = - a ■ 

irin be represented by the second value ofx. 

The given equation may be put under the form 

ar(a; + 2a) = b^, 

from which we see that & is a mean proportional between x and 
sc + 2a, and this relation will be satisfied by either of the above 
lines AD or — EA. Pirst, by substituting AD for x, we have 

AD(AD + 2a) = S» or AD(AD + DE) = AB*. 

as it shonld be, since AB is a tangent, AD + DE ■= AE, a 
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jecant, and AD Us external part. Sijcouil, hy subsiitutiiig — EA 



~EA(- EA + 2a) = 
The second. 



gives the roots 

x = a + Vb^ + <t^ X = a - VF~+1^\ 

Construct as before, AG = V/)'' + <t^; then from C lay off 
CE = a, and 

AC + CE = Vl^~F^'' + a = AE, 

will be represer.ttid by (he first value of it. 

From D, lay o£f t>0 = a ; tlien from C in a contrary di 
rection lay off CA — l/4=~4^~«^" and 

no - CA = « - Vi^ + o? -^ - DA 

will be represented by the second value of a. 
The given equation may be put under tlie form 

^{x - 2a) = h\ 

wLieli will evidently be verified by tbe substitution of eitbcr AK 
or - AD. 

It sliouJd be observed that tlio values, just constructed, are the 
same as those for the first foira, with their signs changed. Tliis 
should be so, since the fii'st form will become the second b* 
changing x into — x. 

The third 

a' + lax =. — 6^ 
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givea tlio roots 




the line AA' hy nft ths distance 
at D erect tlie perpend] culai 1)0 = t ; 
from as a centie, inth CB = a, 
aa a yadms, describe the arc BB' 
cutting the line AA' m B and 
B'; join these points nitli C and 
ive shall have IJB = vV^^^j 



~ AD H 


DB 


= 


- a + 


Va^ 


- AD - 


DB 


= 




v^ 


will be the lines 


■epre 


ented hj tlio 


values 


TheMHk, 














x^ 


- 2«,. . 


^ - 


gives thft roots 










X = a + 


VS^ 


"Z" 


T\ 


ft! = 



From A', as an origin, lay off A'D = a, and make the 
construction as for the thifd form. We thus have 

A'D + ])li = a 

A'D - DB' = a 

for t]ie lines represented by tl.e values of x. 

\f a = h, both values of a: reduce to o = A'D, In this 
case, the circle does not cut the line AA', but touches it at the 
point D, and the distances BD and B'D hecoiuo 0. The same 
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reduces both values of a 



If a < 6, the vaUiea of :c become imaginary in both form 
the circle neither cuts nor touches the line AA'. and the imagli 
ry roots admit of no construction. 

DETERMINATE PROBLEMS, 



6. A thorough knowledge of the preceding principles, will reu- 
der the solution of sU determinate problems simple and easy, 

Problem, 1. In a given, triartffle, to insci-ihe a square. 

Let ABC be the triangle. Eep'resent its base, AB, by 6, and 
its altitude CG by h. Suppose the problem to 
be solved, and that ODEF is the required 
square, its unknown side DE = EF being 
represented by x. Since the side DE is parallel 
to AB, we must have 




AB : DE : : CG : Cn 



h + h 

hence a: is a fourth proportional to i + A, b and /), and may 
be constructed v& in example 3, Art. (4). Or better thus : Pro- 
duce the base AB until BL = A ; 
at B and L. erect the perpendiculars 
BN and LM ; make LM = k and 
join M and A ; the part BN cut off 
on the first perpendicular will be _^q~ 
represented by x. For, since BN is pai'allel to LM, we 




AL : AB : : LM : BN 



^ + h -.1 



: m 



cibyGoogle 



BKTEIIMINATE 



BN ; 



b + .i 



Tiierefove, tlu'ough K tlra,w KD parallel to AB ; let full the 
perpendiculars EF and DO, and lie square OBEF ivili be the re- 
quired square. 

The value of x, and the consti'uction of BN, will evidently he 
the same for all triangles having the same hase and equal alti- 
tudes. If all the angles of the triangle are acute, the square will 
lie wholly within the triangle as 
in the above figure. If there is 
one light angle, two sides of the 
square will lie upon the sides of tlie 
triangle as AD'E'F'. If there is 
one obtuse angle, part of the square 
will lie within and part mthout tlie triangle, as 0'1>"E"F", 



pf 



^■'W^^" 



1. Prohlein 2. In, a ffiven triangle, to insaibe a reclangh, Ike 
ratio nf whose adjacent sides is knomi. 

Let ABC be the triangle. Let AB = 6 and CG = A, 
and let the known ratio of the sides of the rect- 
angle he denoted by r. Suppose the problem 
to be solved, and that ODEF is the required 
rectangle. Denote the unlmown side DE, by y, 
and DO by a' ; then by the given condition, 







...{!). 



Since DE is parallel to AB, we have 

AB r DE : : CG : CH or J> : 'f : 

whence 

hy = hh — hx. 

From this, by substituting the value y ■- 
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li (1), wo dciluce 
rlu: =r- bh - I. 



b + rk 
p-oduce tlio base AB uaLii 



To constiict this value of x 
BL = rh ; through L draw 
LM parallel to BO until it 
meels CM parallel to AB, ia 
M ; join M and A ; at the- 
point E, let fall EF perpendic- 
ular to AB, it will be the re- ^ ** ^ ^' ■** * 
quired Une. For, since the triangles AEB and AML are similar, 
their bases will he to each other as their altitudas, and we shall havo 



h + rh 

■ough E draw ED parallel to AB, and let fall ths 
perpendiculars EF and DO ; ODEF will be the required rectangle. 
If r = 1, the sides are equal, the rectangle becomes a square, 
and we have the same value for EF as in the preceding article. 



8. Problem 3. To draw a straight line tangent to two gioea 
circles. 

Since the two cii'cles are given, both in extent and position, we 
know their radii and the distance between their centres. 

Let US denote the radius, Cftl, of the first circle by r, that of the 
second, CM', by r', and the 
distance between their cen- 
tres, CC, by a, and suppose 
that MM' is the required 
tangent and denote the dis- 
tance CT by X. 
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GEOMEIKT. 



There are two cases : 

First ; talten the tangent does not pass between i!te circles. 

Since the radii drawn to the points of contact, M an<! M', itiiist 
be perpendicular to the tangentj we Itave CM parallal to CM', iind 
hence the proportion 

CM : C'M' : : CT : C"f or r : r' : : x : x - a, 

wiience 



To< 




nsti'uct this vahie ofw: Through tlie ccnla-es C and C, draw 
any two parallel radii 
OiSf and C'K', on the 
same side of CC ; join 
their extremities hy the 
iine jO"' and produce 
it until it meets CC in 
T ; CT will be the line 
represented by a:. For, draw N'O parallel to CC, we then have 

NO : H"0 : : OW : CT or r ~ r' : r : : a : GT 

whence 

CT = — ^_ = X. 

Therefare, through the point T, draw TM tangent to one of the 
drdes, it will be tangent to the other. 

If r >■ *'', the value of a: is positive, and the point, T, will bo on 
the right of C. 

If r = !■', the two circles are equal, tl]e value of . I' reduces to 
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tlie point T is ai an iiifinite distance, and tlie tangent is parallol to 
GO'. 

If < 1 1 f n i 1 1 T o 

tl e left ot C 

If =0 !1 be the fl st c cle fcpc ne& ■! po nt and 

the taiij,ont IS diavn f om th jonttotlie eoond le 

^^- = rvOiluetoothesecod le beco es a 
po nt 1 1 e t a t d aw fi m tl jo t to the ti t r k 

li = d ^ tie aluu of d c ^ to — 



im tndeleiiniuate quantiti/, eaeb uicle betomea a point, and tiae 

tangent coincides with. CC. 

Second ; when the tangent jiasies between the circles. 

In this case as in the otbor, 
the lines CM and CM' are 
pwallel, hence, the triangloa 
MCT and M'O'T are similar, 
and we bave the propoi-tion 

CM : CM' : : OT : C'T, 
whence 




To construct this : Through tl and C draw any two parallel 
radii, ou different sides of CC ; 
join their extremities by the 
Une NN' ; CT will be the line 
represented by w. For, through 
N', draw N'O pai'allei to CC, 
then we have the proportion 

NO ; NO L : OK' : CT, 
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The valiiG of » is positive for all values of >■ and *■' ; 

i^L wlien r — t' ; to when )• = ; to a whei 
2 

and to , when r and r' are both equal to 0. 



9. Problem 4. To cmistmct a reciangle, hmming its area and 
the difference between its adjacent sides. 

Let a^ denote the given area, Art. (2), and d the difference be- 
tween the sidoa. Lei a denote the least side, then x + d will 
denote the greatest, and since the rectangle of these two sides must 
equal the given area, we have 

ffi (.r + (7) = a* or o:'' + dn = «"; 
whence 



: x/«- + f . 



If we take the llt^t vahu 



and add i^ to it, we hare for the greatest side 



4W.- 



To construct these values : Make AB = a ; at B, erect the 
X^ ^"\ perpendicular BC ^ — , wo shall 

have, Example 7, Art. (4), 



AC 



-V^' 
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From AC, take CD = - 






To AC, add CE = - 



■ V- + ? 



! -j- d = thi ffreatfM m 



and the rectangle AE x AD = o? will be tlie required rcct;- 
angle. 

If we take the second value 



and add d to it, wo havo for the greatest side 



^..^4-n/- 



By examining these values, we see, that the expression for the 
least side, taken with a negative sign, is the same as that for the 
ide, in the first case. Also, that the expression for the 
ide, taken with a negative sign, is the same as that for 
the le^t aide, in the first case. Therefore we have, in this case, 

— AE, /or the least side, 
— AD, for the greatest side, 
the product of which is evidently positive and equal to 
AB' = a'. 

It should he observed, that it is only in an algebraic sense, 
that — AE is less than ~ AD, its numeiica! value being 
evidently the g 
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It is also evident, that tlie two rectangles thug determined are 
absolutely equal, ortliat in reality there is but one rectangle which 
will fulfil the required conditions. Why then, it may be ^ed, 
do these coBditions lead to an equation of the second degree ? To 
this it may be answered, that in Algebra, properly applied, not 
only are problems solved in their most general sense, every pos- 
sible solution being given by the equation, which is the algebraic 
statement of tke problem ; but also, whenever the conditions of a 
problem, expressed in two independent ways, give rise to tlie same 
equation, this equation must give an answer corresponding to each 
mode of expressing the conditions ; that is, must be of the second 
degree, and it will thus be impossible to arrive at ono solution dis- 
connected from the other. 

Thus, in the above problem, should we represent the greatest 
aide by — x, the least would be represented by — x — d, 
find their product give 



'(- 



. d) : 






the same equation found before ; hence, this equation ought not 
only to give the least side, as at fii-st proposed, but also another 
value of se, which talien with a negative sign, ivil! represent the 
greatest side of the rectangle. 



10. Problem 5. To divide a given straight line into extreme 
and mean ratio. 

Let AB = a be the given line. It is to be divided into two 
parte, such, that tho greater shall bo a mean proportional between 
the whole line and less 
part. Denote the greater 
pai't by o, then a — x 
wiU denote the less part, 
and tho condition will give 




: M« -.«), 



< + ar = c 
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wMch may be constructed precisely as in the preceding problem, 
the first being AD and the second — AD'. "With A as a 
centi-o, and AD as a radius, describe the arc DF, the line will lie 
divided in the required ratio at F, AF being the greater part. 

The second value of ^ = — AD' is nimierically greater 
than AB. It cao then form no pait of it, and can not be an 
answer to tha proposed qu^tion. But if we substitute it for (c in 
the first equation, we have 

(- AD')' = <t [ffl - {- AD')] or AD'' ^ a {a + AD') 

that is, AD' is a mean proportional between AB and AB -}- AD'. 
Since this second value of a; is negative, we lay it off to the left of 
A, and tlius construct the point F', the distance from which to A, 
is a mean proportional between its distance from B and the length 
of the given hne 

Moreover, we =ee that the &econd, as well as tlip first valu-. of 
I, IS 1 solution of the more general proposition, " Tivo point-. A 
and B, being given, to find, on the indefinite line which joins 
them, I third point, the distance from whiih to the fiist shall 1>« a 
mem piopoitionil between its dist^nc" tiom the second ind the 
distance between the two" To this pioposition there aie en 
dently two aoSutions, F on the ngbt of A being one of the joint"; 
and F' on its left, the other. Ihus, the problem at first proposed 
being a pai'ticular case of a more general one, its solution, in 
accordance with the principle laid down in the preceding article, 
mnst necessarily draw with it that of the other case, thus giving 
rise to an equation of the second degree. 



11, ProUem (5. Thrmiffh a givm point wiihout a given angle, 
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to draw a straiffht line, cutting the sides of the anc/le, so th^t ike 
sum of the distances from the points of intersectim to the vertex, 
shall be equal to a ffiven line. 

Let YAX bo the given angle, and M the given point. Produce 
AX to tlie left, and let the two distances MP' and MP be repve- 
sented by a and 6, Denote the given 
line by c. Suppose MN to be the re- 
quired line, and denote the two un- 
/ /l"'^ known distances, AN by x and AO 

~^ ^'-^ ^ ^ by )/. Then from the condition of 
ttie problem, we have 

AN + AO = c or ^ + ^ = c (1). 

But since MP is parallel to AO, we have 

PN : AN : ; PM ; AO, or a -h x : x : i b : y; 

whence 

S, (a + ^) = bx (2). 

Substituting the value of a, deduced from equation (1), we have 

^ {a + e ~ p) = b {c - y) 

or 

y {a + G + b ~ y) = be. 

This being an equation of the s i,oi 1 de^rne its roots may be 
deduced and constructed as in Art (l) But by examining it in 
ita present form, we see that v'^ is the oidimte of a circle 
whose diameter ia a + c + b and t! e corresponding seg 
ments of the diameter, y and a -i- c + h — j whch leids 
to a simple construction of the value of y Tliu= 1 om P 
lay off, on AY, P'B = c -, also BG = a; on AB desci'ibe 
I ALB ; at P' erect the ordinate P'L, it will be 
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represented by vhc, Example 
5, Art. (4). 'Ilrougli L draw 
LC' parallel to AY ; thea 
through A and C draw the per- 
pendiculars AA' and CC; A'C 
will be equal to a + <; + 6 ; 
on this lino describe the semi- 
circle CO A' ; the distance from 
the point 0, in which it cuts 
AY, to A will be represented 
by y. For 00' = P'L, and the segment A'O' 
tils the required condition. 




12, Problem 'I. Through a given point, without a given angle, 
to draw a straight line, so as to cut off a given area. 

Let the given point and angle be, v^ in the fint igure of the 
preceding article. Let h^ represent the given area, and ^ the 
given angle. The espvession for the meTsnre of the lequiied tri 
angle will be fOT x AW. From the nght in„lel tiiangle 
OAT, we have 

OT = OA sin YAS = y sin ^ ; 
hence the area will bo c)rpreaaed by 

\xy sin /3. 

Substituting the value of iC, taken from oqiiation (2), of the pre- 
ceding article, and placing the result equal to h% we have 



which, by reduction, becomes 
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Solving tliis equation, 




To construct thfwe values : Thvougli A draw AA' ])erpendicu- 
!ar to AY ; then since the angle 
A'PA = IS, we shall have 

AA' = AP sin /3 = « sin ^. 
Upon AY, in a negative direction, 
lay off AB = h ; join A' and B, 
Jf/'X ^""i ^l' ^ erect BC perpendicular to 
A'B, then 




AB 



AC 



Since this expression is negative in the above values of y, we lay 
ifc off from A to D. The radical part of these valuoa may be put 
under the form 

To construct if, we lay off P'S = 6 ; on SD di^scribe » 
aemi-drcle, the chord DE will be the value of tlio radical, for 

AD = -^{ -- o ^ DS = 2i + AD, 

and DE is a mean proportional between them. From D Iriy off 
DO := DE, and AO will be represented by the first value of y. 
From D lay off 130' = DE, and AO' will be represented by 
the 8ec_pncl value of y. Through the points and 0', draw MO 
snd MO', and either triangle cut off will fulfil the condition of the 
problem. 
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13. By an examinatioit of the minnei in wbich the preceding 
problems have been solved, we may deine thp following general 
rule for solving determinate prohlems 

Conceive tlie problem to be iolied fftombtnoalli/, and draw a 
figure containing the. given and required parts, and mck otha 
lines (W may be necessa/ry to show the relalum betwpen them, Re 
present t/ie known lin^ by the first, and the unknown by the last 
letters of the alpliaiet. Consider the geometneul relations einsttnff 
between these lines, and express them by eqitattons, taking caie to 
deduce as many equations as thne are unhnown gvanitties Solve 
these equations and construe/ upon a Siuqle fi /ui ( tki laluea thua 
deduced. 

By an application of this luie thetollowmg pioblemt aie leidily 
solved. 

8. Through a given point without the circumference of a circle, 
to draw a straight line intersecting it, so that the chord included 
within, shall be equal to a given line. 

9. To draw a line parallel to the base of a triangle, so as to 
divide it into two equal parts, 

10. To inscribe, in a given ti-iangle, a rectangle wliose area ia 
known. 

11. Through two given points, to describe a drele tangent U> 
a given right line. 
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INDETERMINATE GEOMETRY. 



14. The second branch of Analytical Geometry, which has for 
its pviadpal object the analytical investigation of the general 
properties of lines and surfaoea, is much more extended in its ap- 
plication, and interesting in its results, than that which we hare 
just examined. It is called Indetermimile Geometry, from the 
fact, that, in the equations used, the unknowa quantities admit of 
an infinite number of values, or are indetenninate, and are there- 
fore called vmiables ; while from the nature of the problems dis- 
cussed in the first branch, they admit of a finite number of values 
only, and must be det«rminate. 



OF POINTS ] 



I GIVEN PLANE. 



15. Let AX and AY be two fixed right lines, indefinite in ex- 
tent, and M any point of their plane within the angle YAX. 
Through this point draw MR and MP parallel r^pectively to AX 
Y and AY ; then if the distances 

MR and MP are given, it is evi- 
dent that the position of the point 
M, will be knowa, and may be 
constructed, by laying off on the 
line AX, beginning at A, AP 
= EM, drawing PM parallel to 
AY ; then on AY, laying off 
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AR =: PM and drawing RM parallel to AX ; itc jioiiit of in- 
lereeotion of tkase parallels will be the required point. 

The distances MR and MP are called the rectilineal eo-ordinatei 
of the point The first, or the distance of the point from AY, is 
tke abscissa ; and the second, or the distance of the point from 
AX, is the ordinate of the point, these distances being measured 
on lines parallel respectively, to AX and AY. 

The fixed lines, to which the point is thus referred, are called 
the axes of co-ordi-naks, or co-wdinate axes. 

Their point of intersection A, from which both abscissa and or- 
dinate are estimated, is the origin of co-ordinates. 



16. The abscissas of points, the position of which is 
nate, are, in general, denoted by tiie letter x, and the ordinatea hy 
y, though other letters are sometimes used. 

The co-ordinates of points, tlie position of which is known, are 
usually denoted either by the first letters of tlie alphabet, or by 
the symbols a^, y', x", y'\ &c. If we denote the co-ordinates MR 
by a, and MP by 5, the equations 



..(1), 



are called the equations of the point M, and the values of a and b 
being known, tKe point is said to be given, and may be con- 
structed, in the first angle, YAX, by laying off AP = a and 
AR = i, as in the preceding article. 

If, at the same time, we consider the point M', having 
AP' = AP, and P'M' — PM, it becomes necessaiy to adopt 
some notation, by which the two points may be distinguished 
from each other This notation is at once suggested, by a re- 
ference to that which I'j used in a similar case, for the cosine of an 
arc in Trigonometry, and the abscissa AP' is regarded as negative. 
Thus the equations of i point in the second angle, YAX', are 
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If the point is below the axis ot ahaciasas, its ordinate, from 
analogy to the sine of an ai'c, is regarded as negative. ITiiis the 
equations of the point H", in the third angle Y'AX', are 



and in like manner, the equations of the point M'", in the fourth 
angle, Y'AX, are 

Thus it appeal's, that by assigning proper values and signs to a 
and h, equations (1) may be regarded as the repreBentali\es of any 
point in the plane of the co-ordinate axes. 

If the point ia on the axis of X, (the axis of abscissas), its ordi- 
nate must be 0, and its equations 



If it is on the axis of Y, its abscissa must be 0, and ils equations 

By the essential signs of a and 6, in these equations, ive ascer- 
tain whether the points are on the right or left of the origin, above 
or below the axis of X. 

If the point is on both axes at the same time, that is, at the 
origin, its equations, or the equations of the origin, become 
■X = y = (i- 



iiid x", y", be the co-oi'dinatcs of any two 
points, as M and M', in the plane 
^^ YAX. Join M and M', and draw 
j,i:,-!^::^..-,% MR parallel to AX, then in the tri- 

angle MM'Il we have, from Trigo> 
—^r-x no'«etry, 

: ^/mr'' + MOi' - 2MR X M'R cos MRM' 
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the radius being supposed equal to iinity. But 

Mli = PF = x" ^ x', M'R = y" - 1/ ; 

heiice, denoting MM' ty D, the angle YAX by '/3, and obsevving 
that cos MKM' = — cos /3, we have 

D = V{x" - i^Y+ {y" - yy + 2ix"~x-)(,/' ~ ;/'}cos/3...(l)- 

If ,S = 90", cos /3 = 0, and tlua formula reduces to 



D = V{x>- - x'Y + {y" - y'Y (2), 

that is, if the axes of eo-ordinates are perpendicular to each 
other, the distance Utween two points, in their plane, is egtial to the 
square root of the sum of the squares of the differences of the ab- 
scissas and ordinates of the points. 

If one of the points, as M, is at the ori^n, x' and '/ will be 0, 
and the last formula reduce to 



D = Vx"^ + y"^- 

18. Let P be a fixed point, PS a fixed right li-iC, and M any 
point of a plane containing PS, if the length of the line PM, which 
we represent by »', and the , 

angle v, made hy this line " ^■ 

with the fixed line, are given, ^ / v 

the petition of the point will / -^ 

be fully determined, and may , -' ' — — s- 

be constructed, by drawing 

through P a line making, with the hne PS, the given angle, and 
then from the point P, laying off, on this line, the c,nen distance. 
By varying the angle v, through all values fiom to 360°, and 
the line r.from to infinity, the position of e^eu point of the 
plane may be determined. 

The point P is called ike pole ; the line PM, t?ie radius vector, 
and the variables r and v, the polar co-ordinates of the point. 
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19. By a review of the preceding discussion, we see tliat the 
position of the points tave been determined hy ascertaining liieir 
fiitnalioTi with reference to certain other fixed points or magnitudes. 
In the first, or system ofreetilineal co-ordinates, the points are referred 
to two fioxd Tight lines, and the means of reference are two other 
right lines, which vary in length, as the position of the point is 
changed. In the second, or system of polar co-ordinates, the points 
are referred to a fixed point and a fixed right line, and the means 
of reference are a variable angle and a variable right line. 

Although there are other methods of determining the position 
of pojnts, these are the two in most general use. In every system, 
it should he observed, that the position, thus determined, is not 
absolute but relative, as all that thus becomes known, is the 
position of the point with reference to some other points or mag- 
nitudes ; and also, that the general 'ae,ia& of co-ordinates of a point, 
is applied to the elements, of whatever nature, hy means of which 
the position of the point is deteJfnined. 



; RIGHT LINE IN , 



20. Iict BM be any light line, in the plane of the co-oi'dinat* 
ixea AX and AY, and let M he any point of the line, of which 
the co-ordinates AP and MP 
are denoted hy ic and y. 
Through the origin A, draw 
AM' parallel to BM. Re- 
present the angle YAX by 0, 
and MBX = M'AX by a • 
the angle PM' A = M' AY will 
then be represented by /3 — a. 
tVom the ti-iangle AM'P, we have the proportion 

AP : PM' : : sin PM'A : sin M'AP or : : a:Ji {/3 — ct) : sin a 

or, representing PM' hy y' 
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;■:/:: sin (/3 - „) : .in ., 

and since AP is to PM' as the abscissa of any other point of tko 
line AM' is to its corresponding ordinate, this relation will exist 
whatever be the position of the point M', on the line AM'. From 
this proportion, we deduce 

But the ordinate of any point of the line BM, as PM, exceeds the 
corresponding ordinate of the line AM', by the constant distance 
MM' = AC. Eepresenling this distance by, h, we have, for every 
point of the line. 

This equation expresses the relation between tlic co-ordinates, 
X and y, of every point of the line BM, and is called the equa- 
iion of the line. The eo-efficient of x, in this eq^uation, represenia 
the ratio of the sines of the angles which the line makes with the 
axes of X and Y, and the absolute term, (5), the distance from the 
origin to the point in which the line cuts the axis of Y. 



21, By attiibuting, in succession, all values to a, between 
and 360°, and all possible values to i, both positive and negative, 
the equation 

y = , ^'"" X + b (1), 

^ sin (^ - a) ^ ^ '' 

may be made to repreeent every right line in the plane of the CO 
ordinate axes. 

If b is negative, the line takes the position B'C', and ite equation 
mill be 



. (^ - ") 
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If K = 0, the line is parallel to the axis of X, and il.s equation 
reduces to 

,j = 0.x + h, 
y = b, X heinff indetermin<ite. 

If b = 0, at tlie same time, the line coincades with the axis of X ; 
hence, the ei|uatioii of the axis of X, is 

y := 0, X being indeterminato, 

If b is positive, tiio line is above the axis of X ; if negative, it is 
below it. 

Solving equation (1) with respect to x, it is put under the form 



From the triajigle BAC, we hiivo 

h sin (^ ~ k) 
sin « : sin (^ - (t) : : 6 : AB = ^^ '- ^ 

that is, the absolute term of equation (2), represents the distance 
from the origin to the point in which the line cuts the axis of X. 
Representing this by a, the equation becomes 

, = EBi^^) , + .. 

If in this K = (3, the line is parallel to the axis of Y, wd 
the equation reduces to 

a = 0.;/ + ", 

X -= (I, y being indeierminote. 

it' a ~ 0, at the same time, the line coincides miJi the aai» 
of Y, and its equation becomes 
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X = 0, y being indcterminaU. 

If a is positive, tlie line is on tlie riglit, if negative, it ia 
left of the axis of Y. 



22. Equation (1)" of the preceding article, contains two kinds 
of quantities, x and y, wBich are different for different points of the 
line, and are therefore called variables ; and a, /3 and 6, which re- 
niMn the same for the same line, and are called constants. When 
the values of these constants are known, the line, as we have seen, 
is fixed in position, or completely determined. 

Since tie equation contains two variables, we may assign any 
value to one, and, by the solution of tlie eqrtation, deduce the cor- 
responding value of the other These two, taken together, will be 
the co-ordinates of a point of the lino, which may be constructed 
as in Art. (15) By assigning other values, in succession, to one 
of the variables, and deducing the corresponding values of the 
second, any numbei "f pomto may be determined, and the line be 
thus constructed hy points. 

Likewise, if either of the co-ordinates of a point of the lino is 
known, the other may, at once, be deduced, by substituting the 
known value in the equation, and solving it with reference to the 
variable whose value is required. Thus, we know that the ab- 
sdssa of that point of the line, which is on the axis of Y, is 0. Sub- 
stituting X ^ 0, in the equation, we deduce y =^ b, which 
is the ordinate of the point in which the line cuts the axis of Y, 

If we substitute ?/ = 0, the resulting value of x, will be the 
abscissa of the point in which the line cufa the axis of X. This 
ordinate and abscissa being laid off respectively on the axes of Y 
and X, a right line, drawn through their extremities, will be the 
line to which the equation belongs. 



From the preceding article we see that equation (1) of 
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Art. (21) is truly the analytical representative of the right line. 
And in general, any line, curved as well as straight, may he tliua 
represented hy its equaSdon ; that is, hy an equation which ex- 
presses tlie relation between the eo-ordinales of every point of the 

Every such equation will contain two kinds of quantities, viz ; 
variahles and constants. The variable represent the co-ordinatea 
of the different points of the line, and the constants serve to deter- 
mine its position and extent. This is plain fi'om the fact, that the 
constants being given, all the points of the line may be construct- 
ed, as in Ai-t. (22). We therefore say, that a line is given, when 
the form of its equation, and the constants, which enter it, are 
known. 

From the definition of the equation, it follows, that if a point is 
on a ffiven line, its co-ordinates, vilten substituted for the variables, 
must satisfy the equation of the line. 

Also, if apoint is not on a given line, its co-ordinates will not 
mtisfy the equation. 



24. It will, in general, be found more converiont to talte the 
io-ordinata axes at right angles to c;ioIi other ; itnd they will he so 
regarded, iinless it is otherwise expressly mentioned. Under this 
iupposition, |9, in eqiTation (1) of Art. (21), will be 90°, 



sin O - a) = sin (OO- 
and the equation reduce to 



■r denoting tang a by « 



* Note. — la Analylical Geometry, E or Ihe radius of the trigonometri- 
cal tables, is always regarded as unUy, unless il is otherwise mentioned. 
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y = < 



...(1), 



in which, it should be veraembereU, that a represents the tangent 
of the ajigle which the line makra with tlie axis o'' abscissas, and 
h the distance from the ocigin to the jioint, in which the line cuts 
tbe axis of ordinates. 

If the line passes through the oiigin. i = 0, and the equa- 
tion becomes 

y = ax. 

If the liae occupies the position of AM, the angle a being acute, 
a is posilive, and as for all pwnta of the line in the first angle, x is 
also positive, the product, iw, is posi- y- 

tive, as it slioiild be, since y must be 
positive for all points above AX. For 
oH points in the third angle, x being 
negative, ax is negative, as it should 
be, since y must, bo negative for all 
points below AX. 

If the liae occupies the position 
AM' ; as the angle a. is estimated from the axis of X, on the right 
of the line, around to it, as indicated in the figure ; a is obtuse 
and a negative. For all points of the line in the second angle, if 
is negative and ax positive. For points in the fourth, « is positive 
and ax negative. 




25, Everj' equation of the first degree, between two variables, 
will be a particnlajr case of the general form 

Aa: + B;/ + = 0, 

and this, when solved with reference to y, gives 



a nature and form a 
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y = ax ^ J>, 

and may therefore be regarded as the equation of a right line, in 

which, (the axes of co-ordinates being at right angles,) — — 

will represeTit the tangent of the angle which the line makes with 

the axis of X, and — — the disfaiiee from the origin to the 

point in whieb the line cuts the axis of Y. 

If the equation be solved with reference to <e, it will appear 
under the form 



- will be the tangent of the angle made with the 



in which a' 

axis of Y, and 5' the distance cat off by the line on the axis of X. 
Hence, every equation of the first digne, between two variables, re- 
presents a right line ; and if it be solved with reference to either 
variable, the coefficient of the other will he the tangent of the angle, 
which the line makes mth the <uis of that variable ; and the ab- 
solute term will be the distance cut off, by the line, on the oass of 
that variable, with reference to which the equation is solved. 



26. The manner of consti uetiug a right line, from its equation, 
may be illustrated by the following 



Sxamples. 

I. Take the equation 

2y - 4.T + 3 = 0. 

Making x = 0, wc deduce V = — h ^"'^ ^"^^ ordinafo 
of the point, in which the line cuts the axis of Y, Art. (22). 
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Maidng y ~ 0, we deduce x' = ^, 
point, ia which the line cuts tlie axis of 
X. Assuming any convenient unit of 
length, and 'aying off AO =: — t, and 
AB = I, BC will bo the line repre- 
sented hy the ecfuation. 

Or, ihm : Solving the cijuation with 
reference to y, we have 



for the abscissa of tlie 




Laying offthe distance AO = — ^, aud drawing the line 
CE, making, with the axis of X, an angle whose tangent is 2,* it 
will be the line. 

Or the line may he constructed by points, tlius : ItCaking 



The points, represented by the different sets of eo-ordinates ibvf 
determined, may be constructed and the line drawn through them. 



• Note. — An angle whose tangent is a gi¥en iramber 
may always be consUiicted thus. Let lang a = 1. Lay 

uff AB = rf and erect llie perpendicular BM = c ; draw 
AM, the angle MAB will be the required angle. For we 



tangMAB = !^^ 

AB 

is a wliole number, a 



n llie example, d = AS =; l! =« 
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27. Ui y = ai: + h 

^ = a-x + h' 

be tiie equations of two right lines. Those values of at and y 
which, taken together, will satisfy both of these equations, must he 
the coordinates of a point on each line, Art. (23). But if we com- 
bine the two equations and deduce the values of x and y, we ob- 
tain all whioli can possibly satisfy both erjuations at the same 
time ; these values miist then be the co-ordinates of all poiata 
common to the lin^. 

Placing the second membera of the equations equal, we iiave 
ax + h = a'x -t- h', 



Substituting this value of a, in the fii^t equatio 



These values of x aJid y must bo the co-ordinates of a point 
common to both lines. And, in general, since the equations of 
right lines are of the firat degree, the values resulting from their 
combination must be real and give one common point, and only one. 

If « = a', the values of m and y, both reduce to infinitj ; 
the point of interaection is then at an infinite distance, that is, the 
lines are parallel. 

If b = &', at the same time, both values become ~, or hi- 
. 

determinate, as they should, since in this case the two lines 
e and have all their points common. 
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It IS eyicient that tie above reaaoniog will apply to any lines, 
straight or curved, and we may therefore give tLe following nile 
for obtaining the points of intersection of any two lines. Combint 
the equations of the lines, and deduce tlie valties of the variables. 
For each coaple of real values tiiere loiU be a common point. If 
the values are all imaginary, there will he no common point. 

Find the point of intersection of the two right lines given by 
the equations 



5y + ; 



= 0. 



y = a'x + b' 

be tho equations of any two given right 
lines, making the angles ct and a', respec- 
tively, with the axis of S, and the angle 
V with each other. By the figure, we 
see that 



a' - y + «, or V = a' - a, 

and by the trigonometiical fovmula, for the tangent of the dift'ei'- 
ence of two angles, 




tang V = - 



1 + tang a.' tang a. 
e from the equations of the lines, Art, (2i), 



from which, by the substitution of the values of a' and a, givi 
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by particuliir equations, the natural tangent of the angle between 
two light ines may be found ; and fi'om a table of natural sines, 
cosines, &c., the value of the angle, in degrees, minutes, tfco., may 
be determined. 

Tf a = a'. 



Sience, in this case, the angle is 0, and tlie lines are parallel, as 
aSioWn in the preceding article. 
If 1 + aa' = 0, 

.ang = ^ ^ CO, 

the angle is 90°, and the two lines are perpendicular lo each 
other. 

To ascertain then, practically, whether two right lines ate pat- 
allel or perpendicular : Solve their ejimJiores with reference to 
either variable ; if the coefficients of the other variable are equal, 
(he lines are parallel ; if the product of these coej^ktents plus 
unity is equal to 0, thei/ a. 

Apply this ntle to tlie equations 

1. 2j/ - 4a; + ? = 0, 

1. H — 3a; + 1 = 0, 



29. Let s' and y' be the co-ordinates of r\ given jsoint, and 

y = ax ^ b (1), 

the general equation of a right line, in which a and b are undeter- 
mined. If the given ^wint is on the line, its co-ordinates, when 
substituted for x and y, must satisfy the equation, Art. (23), and 
we must have 
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an equiition cxprcssiog the condition that the point, (x', y'), shall 
be on the line. This condition may be introduced into equation 
(1) by subtraefing it, member from member. Wc thus obtain 

;,-,' = »(»- «•) (2), 

which is the equation of a right line with the condition introduced, 
that a given point shall be on it ; or, is the equation of a right 
line passinff throagk a given point. 

a lemiuna undetermined, as it should, since an infinite number 
of right lines may be drawn through the given point. If the 
abscissa and ordinate of the given point are 2 and 3, the equation 
of the line becomes 

y - S ^ a{x ~ 2). 



30. If the line, represented by equation (2) of the preceding 
article, be subjected to the condition that it shall be pai'aliel to a 
given line, as the one whose equiition is, 

y = a'x + b, 

we must have, Ait. (28), 



Substituting this known value in equation (2), the 1 
fixed and its equalion become 



If the line is lequired to be perpendicular to the given line, w 
oust hi.ve 



1 + «a =^ 0, 
d the equaiioii becomes 
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. / = ^ 4 (■' - ")■ 



I. Find the equation of a nglit Hue, passing tlirougli the poial^ 
;' = — 2, y' = 3, and parallel to the line whose equation is 



2. Find the equation, of a right line, passing through, the same 
point and perpendicular to the same line. 



31. K tiie line represented by equation (2), Art. (29), be sub- 
jected to the condition, that it shall pass through another point 
■whose So-ordinates are x" and t/", tLeae co-ordinates must satisfy 
the equation and give the equatiop of condition 

y" — y' =^ "(^'' — 1^), 
from wLidi, the value of u becomes known, and we have 



his, in equation (2), we obtain 

¥ - y' = 'J, Z J (' ~ *') W. 

for the equation, of a right line passing through two given poinU. 

If M andM' ai'e the points, the co- 
ordinates of the first being ie', y', and 
of the second x", y", we have 



tangM'MR ^ tangM'TX = 



'R = y" ~ 
M'E 
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If y" = i/, this value of a reduces to 



as it should, since the line becomes parallel to the axis of X. 



13 in this ease the line is perpendicular to the axis of X. 
If ^" = (c' and y" — y', 

a ■= - indeterminate, 


inee the two points become one, through which an infinite nuin- 
>er of right lines may he drawn. 

1. K the co-ordinates of the points are a;' = 2, ?/' ^= — 1 ; 
!" = S, y" = ; equation (1) will become 



y + 



1 = 1 (« - 2), 



2. Find the equation of a right line passing through the two 
points 



33. In every equation containing but two vai'iables, wo may, 
as in Alt. (22), assign to one a series of values, in succession, 
and deduce the corresponding values of the other, and thus con- 
Btiuct a aeries of points, which being joined, will evidently form a 
bne, ■which will be represented by the given equation. Ilenee we 
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5ay, in general, that every equation between two variables, is lAe 
eguaikm of a line, dth^ straight or curved. 

If all values of the fii'st variable give imaginary values for the 
second, the line is said to be imagiBary. 

If there is but a limited number of couples of real values, which 
«ill saljefy the equation, it will represent a point or a limited 
number of distinct points. 



33. Whenever the relation between the co-ordinates of the 
points of a hue can be expressed by tie ordinary operatigns of 
A]gel)ra, that is, by addition, subtraction, multiplication, division, 
the formation of powers denoted by constant exponents, or the ex- 
traction of roots indicated by constant indices, the line is said to 
be Algebraic. 

When this relation can not be so expressed, the line is Trans- 
ceiidetital. 

Algebraic lines only, will be considered in this Treatise. They 
are classed into orders, according to the deg^-ee of their er/uations. 
Thus, a line of the first orda; is one whose equation is of the first 
degree. A line of the second order, one whose equation is of the 
waond degree, &c. We have seen. Art. (25), that the right line is 
the only line of the first order. 

The discussion of the eqaation of a line consistein classing the 
line, determining its form, its limits, its position with respect to 
the co-ordinate axes, and the points in wHdi it cuts these axes. 



Of THE CHICLE. 

34. Let a;' and y' be tlie co-ordinates of the centre of a drcle, 
and Kits ladius, and let x and y be the co-ordinates of any point 
of its circumference. The distance from the centre to any point 
of the circumference, will then, Art. (17), be denoted by 
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y torn the definition of a eircumferenc 
tislantty equal to the radius, E ; hence 



1, this distance must be 



V'(s - !■)■ + (J - /)■ 
(I - ,')' + (s - ,')■ = W.. 



..(1); 

and since this expresses the relation between the co-ordinates of 
every point of the cii'cumfei'enoe, Art. (23), it is the eqnation of 
the circumference, or the equatton of the circle ; the word circle 
being commonly used for ejrcumferenee. 

The circle will be g^ven, when x', y', and E are given, Art. (23), 
and by attributing different values to these constants, we may 
place the centre in any position, and give to flie circle any est«nt. 

For those points of the circle which lie on the axis of j^, y = ; 
sul>stituting this in equation (1), the corresponding values. 



s of the points, in which tlie circle cuts tlio as 
hese values will be real, and the circle will i 



will be the absciss 
ofX. 

If y" <-&, 
tersect the axisjin two points. 

If y' = E, the two points will unite, and the circle will \ 
tangent to the axis ot X 

If y' >■ E, the vilues of x will be imagiuaiy, and there wi 
bo no point of mteitcction 

Each position of the arde is 
shown, in the accompanying fgure. 

By makint; r =: 0, we deduce 



y T= y' ± V b. — p'^, 

for the ordinates of the points, 
which the circle intersects the a: 
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of Y, ariA tLese will be real, equal, or imagicaiy, aoeording as a; ia 
less, equal to, or greater than R. 

Solving equation (1) with reference to y, we Lave 

y = y' ± VK^ - {^ - ^T 

By assigning values ta x, in sueeession, we deduce the corres- 
ponding values of y, and thus determine as many points of the 
curve as we please, Art. (32). 

Every value of «, wliich makes {x — x'Y < R', will give 
two real valaes of y. For every such value, there will, conse- 
quently, be two corresponding points of the curve. 

If ic = 3^ + E or «' _ R, the values of y -Mill be 
y' ± ; the two points will unite, and the corresponding ordi- 
nate will be tangent to the curve, as SM or S'M'. 

If » > a;' + R or <_ xf — R, the values of y will be 
imaginary, and there ivill bo no eoiTesponding points of the 

We thus see that the curve is limited, in the direction of the 
axis of X, hj the two lines, SM and S'M'. In the same way, by 
solving the equation with reference to x, we may obtain the hoaits 
in the direction of the axis of Y. 



35. If x' and y' are both ecjual to 0, the centre of the circle 
will be at the origin of co-ordinates, and equation (l), of the pre- 
ceding article, will reduce to 



To discuss this equation, Art. (33); mate y =t 0, we thus 
obtain 

a; = ± R, 

which shows, that the cijrvc cuts the axis of X, in the two points, 
B and C, at distances, on tlie right aad left of the origin, each 
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equal to E. 

Making « = 0, we obtain 

2/ = ± E, 

whioli shows that the curve cuts the 
ftsia of Y, in ths two poiafs U and E. 

Solving the equation with reference 
to y, we have 




v/ = ± VR" — 3:\ 

from whith, we see that eveiy value of x, positive or negative, and 
numencall> less than li, gives two real values of y, equal with 
contrary signs ; hence, for each of these values there are two cor- 
responding points, one above, and the other below the axis of X, 
at equal distances from it, and the ordinatcs of these points, taken 
together, Ijrm a chord, which is bisected by the axis of X. This 
proves that the curve is symmetrical with respect to the axis of X. 

If r ;= ± E, ij becomes equal to ± 0, which proves that 
the correspondmg oidinates, produced, are tangent to the curve. 

If 3" 13 numeiically greater than R, either positive or negative, 
the values of v are imaginary, and there are no corresponding 
points of the curve. The curve is therefore limited in the direction 
of the axis of X, hy the two tangents at B and C. 

In a similar way, it may be proved, that the curve is Bymnietri- 
cal with respect to the axis of Y, and that ita limits are two tan- 
gents at D and E. 



86. For every point of the curve, ;is M, iv 
preceding article, we have 

5" = K' - .- = (E + ,t) (K - «) 

a well known property of the circle. 



OP X I'B, 
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si. If y rapi'esents tha ordinate of any point, .iS M', without 
the circle, in the figure of Art. (35), tvo have 

M'P > MP or y^ > li= - .c'. 

For any point, aa M", withia tlie circle, we have 

M"P < MP or 2/' < li' - x^ 

Ilenee vm deduce the three analytical conditions 

ys -j- i-s — E* := 0, foi- a point on the circle, 

y' + w^ — E* > 0, " " without the circle, 

j/^ + x^ ~ W <l 0, " " leilhin the arch. 



38. If t!ie origin of co-ovdiuates is at 0, in the figure of Art. 
(35), the co-ordinates of tlie centre ivijl be 



and the general equation (1), A.rt. (34), will reduce to 

a^ 4- j,s _ 2Itc = 0, or '/ = 2Ea^ - <i:\ 

This equation has no absolute term, or term independent of x 
and y ; the substitution of s =: and y = 0, will there- 
fore satisfy it, which verifies the fact, that the origin of co-ordinates 
is on the curve ; and, in general, if the equation, of a line Ims do 
absolute term, the tine passes through the origin of co-ordinates. 

OF POINTS IN SPACE. 

39. By space is to be understood, tJiat infinite extent, in which 
all bodies are situated. As the absolute places of points and mag- 
nitudes, in this indefinite space, can not be determined, we have 
only to seek their situation, with reference to certain other objects, 
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41 



which do not chango their position with respect to each otliei. In 
a plane, we have Been that the situation of poiiife and hnes, is thus 
dotermiued by a reference fo two fixed objects, Ai't. (19). In 
space it is found necessary to refer them fo three, the means of 
reference, as before, being called the coordinates. 




40. Let XAY, XAZ, and YAZ, be any three fixed plan 
definite in extent, intersecting each 
other in the lines, AX, AY and AZ ; 
and let M be any point within the 
sohd angle formed by these planes. 
Through this point, draw the ■ lines 
MP, MP' and MP", respecUvely 
parallel fo the lines, AZ, AY and 
AX, teiininating in the planes. If 
the distances MP, MP' and MP", or 
their equals, AE, AR' and AR" 

ai'e given, it is evident that the position of the point will be 
fully determined, and may he constructed, thus : On AX lay off 
AE" = MP"; on AY lay off AR' = MP'; through theii 
extremities di'aw the lines E"P and K'P parallel respectively to 
AY and AX ; through their point of intersection, P, draw PM 
pai'allel to AZ, and on it lay off the given distance, MP ; the ex- 
tremity will be the required point. 

The planes XAY, XAZ and YAZ, are called the co-ordinatt, 

The first is designated as the plane XY ; the second, as XZ ; 
and the third, as YZ. 

The lines AX, AY and AZ, are the co-ordinate axes. 

The first is the axis of X, and the distances parallel to it are 
denoted by x. The second is the axis of Y, and the distances 
parallel to it ai'o denoted by y. The third is the tuds of Z, and 
the corresponding distances are denoted by s. The point A is the 
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orifftrt of co-ordinates, and tlie distances MP, MP' and MP". 
Ike rectilineal co-ordiiiates of the point M, 



41. If the distances of a point, from tJie eo-ordinato planes, 
YAZ, XAZ and XAY, are respectively denoted by a, b and c, we 
have for this point 



which are the equations of the point ; and when theae equations 
are given, the point is said to be given, and may be constpucted as 
in the preceding article. 

The point M , is in the first angle, that Ls, in the angle to the 
right of YZ, in front of XZ, and above XY. 

Th(«e points which are on the left of the plane YZ, are dis- 
tinguished fi'om those on the right, by giving the minus sign to x ; 
those behind the plane XZ, from those in front, by giving the 
minus sign to y ; and those below the plane XY from those above, 
by giving the minus sign to s. Thus, for a point in the sectmd 
angle, that is, in the angle to the left of YZ, in fi-onl of XZ, and 
above XY, the equations ai'e 



For a point in the third angle, which is immediately behind the 
-Kwnd, 

For a point in Hie fourth angle, immediately be)iind the first, 
:> = . 5 = - J -. = ,. 

For a point in ilie fifth angle, under the first, 

X ^ a y = h a = ~ c. 

For a point in the sixth angle, under thn second, 
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For a point in Ihs sanenih anj/le, under the third, 
For a point in t/ie eighth angle, under the fourth, 



If a point ia in the plans ZY, tlio valuo of s for thi.'i point !■ 
and tho equations of a point, in this plane, are 



and there are similar equations for points in each of tlie other co 
ordinate planes. 

If a point is on the axis of X, the values of y and %, for this 
point, are both 0, and tke equations of a point on this axis are. 

and theve are similar equations for points on each of the oOier OO" 
ordinate aKsa. 

The equations of the origin of co-ordinatei are 



y = Q 



: 0. 



42. It is found most convenient, in practice, to take the co- 
ordinate planes at right angles to each other, and they are always 
considered to he in this position, unless it ia otiierwiso indicated. 



t", be the 
two points i 



o-ordinates of any 
space, as. M and 



t'. ITien 

' = AT, y' = TP, z' = MP. 
" ^ AT', y" = T'P', s" = M'P'. 
Join P and P' and draw 
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eo indetbumibate oeometry. 

ME parallel to PI*'. Then from tlie triangle, MEM', right 
angled at E, we have 

MM' = '^mi' + Wii\ 
But, Art. {1';), 

MR' = fF' = {*" - x')'> + {y" - y')% 
and 

mi' = {z" ~ z'Y; 

hence, denoting the distance MM' hy D, we obtain 

D = V(^" - «')* + &' - y'T + (^" - ^Y\ 

or, the distance between tvio points, in space, is equal to tlie square 
root of tlie sum of the squares of the differences of their co-oi-dinates. 
If one of the points, as M, he placed at the origin, x', y' and t' 
become 0, and 



D = Va"-' + ; 



The position of points, in space, may also he deteiinined 
by referring them to any other three 
fixed objects. For instance, let A 
he a fixed point, and AX a fixed 
line in the given plane YAX, and let 
M bo any point in space. If the dis- 
tance AM, and the angles MAP and 
PAX are given, the position of the ' 
point is known, and may readily he 
constructed. 
This method, in which points are referred to a fixed point, a 
fixid plane, and a fixed line ,jf the plane, is called the system of 
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polar co-ordinates in space ; in wMch the point A, is i/ie pole, and 
the distance AM, the radius vector. The three varialjle co-ordi- 
nates are, the radius vector, the angle which it makes with the 
plane, and the angle which its projection on the plane makes witi 
the fixed line. 

This, and the method of rectilineal co-ordinates, discussed in the 
preceding ai-ficlo, form the two principal systems of co-ordinates in 
space. 



; RIGHT LINE 1 



bo the equation of a right line, B'O, 

the equation of B"C', m the ]ilane 
TZ. If through each of these 
lines, a plane be passed pevpen- 
d" nU t the planes XZ and YZ 
cap t ly these planes will in- 
ters t n a right Mne, BO, which 




II (1 b completely determined. The two cqvtatioi: 



+ ^ 



..,(1), 



-. bz + ^... 



...(2). 



taken together, may tiien bo regarded as the equations of the right 
line in space, and when tltey are given, the right line will be given, 
and may be constructed by points. For, if a value be assigned to 
either variable, in these equations, the values of the other two can 
at once be deduced, and the three, taken together, will be the co 
ordinates of a point of the line. For instance, assume a valuo fot 
z = RP' ; this, with the corresponding value of x deduced from 
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equation (l), ^vill detonnine a point, P', on the line B'C, tlivougk 
wliicli if a pei'pendicular, P'M, be drawn to the plane XZ, it will 
intersect tJie given liae in a point, M, This saicre vaUio of », wi^ 
the corresponding value of y, deduced from equation (2), will de- 
termine a point, P", on B"C', through which, if a perpendicular 
be drawn to YZ, it will intersect the line, Jn space, at the same 
point, M, since no two points of this line can have the same value 
of^. 

The two planes pijssing through the line in space, perpendicular 
to the co-ordinate planes, are called 'the pi-<^ecting planes of the 
line ; and the lines B'O and B"C', in which they intersect the co- 
ordinate planes, are the priyecUcms of ike given line. 

In equation (1), a represents the tangent of the angle which the 
projection of the given line, on the plane XZ, malses with the axis 
of Z, and a the distance cut from the ajds of X, by the same projec- 
tion, Art. (25). 

In equation (2), 6 represents the tangent of the angle which the 
projection on YZ, makes with tlie axis of Z, and 0, the distance 
cut from the axis of Y. 

If wo combine equations (1) and (2), and eiirainato the variable 



which, expressing the relation between y and x for points of the 
line, is evidently the equation of its projection on the plane YX. 



■is. Tbo principle that the constants in the equation of a line, 
serve to determine it, Art. (23), may be well illustrated by sup- 
posing the four constants in equations (!) and (2) of the preceding 
artiole, to be given in succession, 'fhus, if a alone is given, the 
line is subjected to the single condition, that its projection on -the 
flane XZ, shall make a given angle with the axis of Z, that is, it 
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may lie in either one of a system ot janllel i lines, perpendiculai 
to XZ, and inakitjg, with the axis ot Z an an^-le, the tangent of 
which is u : If a is now given, the di tanee cut off on the asis of S 
is known, and the line may haie 11 j pc ition m one of tlie before 
described planes: If & is also gnen the oth r projection must 
make a given angle with the uis of Z that is, the line in this 
fixed plane must make an angle witli the ixis of Z, tie tangent of 
which is 6, or it may oeoupy any one cf an infinite number of 
pai'allel posifiona in this plane It f k al o given, the line is ab- 
solutely fixed. 

If a and /3 are 0, the line will p.5s fhi. ugli the origin of co- 
ordinates, and its equations bc^oiHR 

:» = M, y = fit 0)- 



ra = 0, and J = 0, 

!the line will coincide with tfte axis of Z, and the equations become 

:i,- =; 0, y = 0, V indeterminate. 

If the value of s be taken from tie first of equations (1), and 
substituted in tJio second, we obtain 



for the equations of the projections of the right lino, passing 
through the origin, on the planes ZZ and YX. If in these. 



the line will coincide with the cuds of X, and the equations of thk 
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Ilu a sJTnilar way, if tte line coincide with the axis of Y, 

have 



Bid the equations of this axis wili he 

* ^ 0, s = 0, J/ indetermmoM. 



46. Boi the point in which a line pierces the plane XY, s must 
be 0. Suhstituting thi-, value in equations (1) and (2) of Art. 
(44), wehaie 



hence, a and /3, talcen together, ai'O the 'co-ordinates of the points 
in which the right line pierces the piano XY. 

In a similar way, the co-ordinates of the points in which the 
line pierces the other co-ordinate planes, may be determined. 



..{1}, y ^hz + /3 (2), 

.,.(3), y = b'z + a- (4), 



be the equations of two right lines. If these lines intersect, or have 
a point in common, the co-ordinates of this point must satisfy 
the equations at the same time ; or for this point, a:, y and « must 
be the same in all of the equations. Hence, if we combine these 
equations and find proper values for ar, y and s, they will be the 
co-ordinates of the common point. These four equations, contain- 
ing but three nnknown quantities, can not be satisfied by the a'ame 
set of values if they are independent of each other. If the lines 
intei'sect, there must then be such a relation existing boUveen the 



cibyGoogle 



known quantities of the equations, as to snake one dependent upon 
the other three, and the equation which expresses this relation will 
he the equation of condition that the haes shall intersect. 
Equating the second members of (1) and (3), we deduce 



and in a similar way, from (2) and {-I), 

z = ^' - ^ 
h ~ h'' 

Placing these values equal to each other, we have 
a - a' ^ T^b'' 

(.' - a){h -- h') = (/3' - i3)(« - a') (5), 

for Ike equalicm of condition that the lines shall intersect. 

This equation contains eight arbitrary constants, any seven of 
which may he assumed at pleasure, and the remaining one thus 
det'^rmined, so as to cause the lines to intersect. 

iSubstitwting the first of the above values of % in equation (1), 
*flid the second in equation (2), we find 

««' ~ a'a. hfi' - 6'/S 



These values of a; and y, unth either value of «, will give a poi^t 
of intersection when equation (5) is satisfied. 

If a = a' and 6 = 6', equation (5) is satisfied, and the 
values of !e, y and z become infinite. The point of intersection ia 
then at an infinite distance, that is, the lines are parallel, 

a = «' b = 1/ 
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are tlieii tlie analytical condiiJons tliat two liglit lines, in spaw, 
shall be parallel. But a = a' is the condition tlat the lines 
represented by equations (1) and (3) shall be parallel. Art. (28), 
and 6 = 6', the coadition that the lines represented by (2) 
and (4) &hall be pai'allel. Hence, if two nght lines, in space, are 
paraUel, their pryections on ilie same co-ordhmte plane mil he 
parallel. 

If at the same time a = a' and /3 = ,S', tlie above 
values of *, x and y become indeterminate, as they sKould, since 
the two lines then coincide. 



Since the angle included between two right linos, in apace, 
s that included between two lines passing through a 
common point and parallel respectively 
to the firet ; Ist the liaes AP and AP' 
be drawn through the origin of co-ordi- 
nates, parallel to any two given lines, 
making with each other an angle de- 
noted by V. The equations of AP and 
AP' will be 



m which a, 6, a' and ¥, are ihe same as in the equations of the 
given lines, Art. (44), and the included angle is equal to V. De- 
note the angles, made by the first line with the axes of X, Y and Z 
respectively, by X', Y' and Z', and let X", Y" and Z" represent 
the corresponding angles made by the second line. 

Take any point, aa P, of the first line, and denote its co-ordinates 
by ■'«', y' and %', and its distance from A, by r', and let x", y" and 
k", be the co-ordinates of any point, as P', of the second line, and 
r" its distance from A, and let D be the distance PP'. Then 
from Trigonometry, we have 
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D= - r" - r"^ 4- 2cV'cosV = (i), 

ic whioli, Art. (42), 

D- = (x' - O' + (/ - /')■ + ('■ - ^")- (2)- 

But if from P, lines be drawn perpendicular to the axes of X, 
Y and Z, respectively, right angled triangles wiil be formed, from 
wbich we have 

x' = r'cos.X', y' = W cos Y', e' = r' cos Z' (H), 

In 3 similar way, we find 

^' = »■" cos X", p" = r" cos Y", s" = r" cos Z", 

Substituting these values in equation (2), developing and ai- 
rangiug, we have 

D= = {cos«X'+cos=Y'+cos=Z')!''=+{cos=X"+cos3Y"+eos^Z")'-"' 

- 2 (cos X' cos X" + cos Y' cos Y" + cos Z' cos Z") r'r", 

and substimting this in equation (1), we havfl 

(cos^X'+cos^Y'+cos^Z'— l>'*+(cos=X"+cos«Y"+cos«Z"-l)r"« 

+ 2[co3V-(cosX'cosX" + cosY'cosY"+cosZ'cosZ")]rV" = 0. 

Now since the pointe P and P' wei-e taken at pleasure, and 
since the angles V, X', X", &c., are entirely independent of the 
distances r' and r", this equation will be tme for any value of r' 
and r" ; it is therefore an identical equation, in which the coefficients 
of r'^, r"", &c., must be sepai'ately equal to ; hence 

cos''X'+eosSY'-!-cos5Z'=l, cos'X"+eos'^Y"+C(«'Z^' = L..(4j, 
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(los V = coa X' cos X" + cos Y' cos Y" + cos IJ cos Z" (5). 

From equations (4)j we see that, the sum of the squares of the 
cosines of the angles, -which any right line makes with the co-ordi- 
nate axes, is equal to unity, or radius square. 
■ From equation (5), we see that, the cosine of the angle formed 
by two right lines in space, is equal to tJie sum of the rectangles of 
the cosines of the angles formed hy these lines with the co-ordinate 



49. SiBco the point P is on the hue AP, its co-ordinates x', y 
and a', must satisfy the equations of AP and give 

a^ = a%', y' = In' (1). 

Substituting these vaia^ of x' and y' in the equation. Art. (42), 

r'^ = a;'= + y'^ + s'« 

and deducing tlie value of z% we have 



and this value of i', in equations (i), gives 



V^a + fis _|. 1 ■ Va* + h^ + I 

Substituting these values of x', y' and z', in equations (3), of the 
^receding article, we deduce 



Va' + &^ + 1 



Va" -i- js + 1 ■ 
Tn !i similav way, we may deduce 
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Substituting ttese values in cf|iiatio!i (5) of tlie preceding a 



V«= + fi'^ + 1 Vo-'i + b'-' + 1 

giving the doulile sign as tlie angle may bo iicnte or obtuse. 
If V = 0, cos V = 1, hence 



Va~ + i« 4- 1 "/a" + b'^ + 1 

Squaring both raembei's, transposing and reducing, we obtain 

(a - a'Y + (S - 6')' + K - «'*)' ^ 0' 

and since the first member is the sum of three positire terms, 
it can not bo 0, unless each term is Beparately equal to 0; 
hence 



conditions deduced in article (47), the third evidently rcsniting 
from the other two. 

Jf V = 90°, cos V = ; hence 

aa' + hb' -{1=0, 

'ifhich IS lite eijualiort o/ t-oiidtUon that two ughi lines, in spack, 
sh<dl hb pel pendicidar to eaih oiJiei TJii'i equation being en- 
tirely diffeient fiom, and independent of equation (5), Art, (47), 
shows that two lines may be perpendicular in space, without in- 
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The angle, ivliieli the line AP makes with the plane XY, ia evi- 
dently tbe compiemenf of that which it makes with the axis of Z, 
and so with the other co-ordinate planes ; lienca if we denote 
these angles by U, TJ' and U", we have 

sin U = C03 Z', sin TJ' = cos Y', sin U" = cos S', 



V^3 4- b'^'+l 



Va'' + 0^ -]- 1 ' 



expressions from which the angles, made hy a given right line with 
the co-ordinate planes, may be determined. 



a: = az + a, . y = bz + ^, 

be the general equations of a light line, in which a, b, a, and j0, 
are uadetermined, and let x", y', %' be the co-ordinates of a given 
point. If tlie line represented by the above equations passes 
through the given point, its co-ordinates must satisfy the eqaaiJons 
and give tlie equations of condition 

x' = az' + «, y< = hz' + 0. 

If ive subtract the last equations, member by membei-, from the 
first, we shall introduce the conditions thus expressed info the 
first, eliminate a and ^, and obtain 



. -. y = « (J - !') (1), J, - / „ 6 (. - z') (2), 

phich are therefore, the equations of a riijht line passing through 
; given point in space. 
In these equations a and h are still undetermined, as they 
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should be, since an infinite number of lines may pass tliroiigli tho 
^ven point. 

If the line is required to be parallel to a given line, tho oiiiia- 
tJODS of which are 

cc^ a'^ + «', y = h'-i + 13', 

a and b will become known, since we must have. Art. (47), 



and by the substitution of these values, the liue will be fully de- 
termined. 

Find tbe equation of a right line, which shall pass through the 

X' = 2, y' = - 3, ^' = 1, 

and he parallel to the line of which the equations are 
a; = 2s +3, y ^ — z + I. 

51. If the hne, represented by equations (1) and (2) of the 
preceding article, be subjected to the additional coiiditioa that it 
shall pass through the point whose co-ordinates are x", y" and «", 
these co-ordinate must satisfy its «quations and give the equations 
of condition 

0," - X' = a{z" - z% y" ~ y = h(r>< - z% 

from which we deduce 

_ »<' ~ x> y" — y' ^ 

Substituting these values in the equations (1} and (2), we have 
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whiob are the equuhbns of a right line passiTig Ihroiu/li Imo fpiien 
points in space. 

Find the equations of a right line wliieh shall pass thvoiigh the 
two points 

x' = 2, y' = 0, i' = 0; x" = 0, y" ~ ;i, :" = - !. 



62, Curvfts, in space, may he represented in the same maimer 
as the right line has been represented in Art. (44). Thus, if 
tliTough a curve, eylindere be passed whose elements are perpen- 
dicular to the co-ordinate planes, these cjlindera will be the pro- 
jecting cylinders of the curve, and their intersections with tlie co- 
ordinate planes, the pr<^ections of the curve, either two of which 
being given, by their equations, the curTe may be eonstnicted by 
points, as in Art. (32). 



53. The points of intcrseution of two cm-ve» , iu space, maj 
also be determined as in Art (47) by combining their equations 
lut as there villi akiys le foui equations involving bit thiee im 
known quantities pioper values for the vanables lelungm^ to i 
common j oint cva not be found unless an eq lation ot tondition 
deduced la in that aiticle by eliminating x ani y and equiiing 
the values of x sh'i!! be iitisfied 

To illustrate the intersection of two curves, lot ns take the eqna- 

2z^ -~ Sx = (1) 1 

{■ 1st curve. 
^'-3y = (2)) 

z' + 3;r' — 12.1' + = (3)) 

z^ + 3j=- >hj = (4)) 

If we combine equations (1) and (3), and deduce the viilues of at 
•nd i, we have 
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z = ± Vs 



These values of x and a 
are evidently tlie co-ordi- 
nates of the points M and 
M', in wliioli the projections 
of the curves on the plane 
XZ intersect. 

Combining equations (2)and (4), we obtain 

)/ = 1, z = ± V3< 

ij = 0, s = ± 0, 

and these are the co-ordinates of the points, A and N, common to 
the projections of the curves on the plane YZ. The second va- 
lues of z, in the two cases, being nnequal, can not, with the cor- 
responding values of sc and j/, satisfy alt four equations at the same 
time and therefore do not belong to a point eonimon to the two 
curves. The first values of z, viz. a = i: V3, Jire the.saine in 
both casps and therefore taken with « =: S, and y = 1, are the eo- 
ordmatei of two points in which the curves intei-aect, one of titeae 
pomts bemg above, and the other the sami distance lelow the 
plane XY, at P. 

The same result may be otherwise jltam d thus Combine 
equations (1) and (3) and ehminate x, thus dedncmg in equation 
involving e. Comhine equations (3) and (4) and ehmm ite y, thus 
deducing another equation in s; and since theie ca,n be no com- 
mon point unless these equations give equal values fov s, it follows 
(the second member of both being O), that for each equal value of 
3 the firat members will have a common divisor of the form z — a- 
hence, if we seek the greatest common divisor of these first mem- 
bers and place it equal to 0, the loots of the resulting equation 
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will givo ;iU the values of a wLich will satisfy botli equations, 
Tlicfie- which give real values of x in (1) and (3), and real valaef 
of y in (2) and (4), will eoiTespond to poinfs of intersection. By 
applying this process' to the above equations we find for tha great- 
est common divisor i' — 3, which placed equal to 0, gives 

the same values before found. 

If only the form of the equations of two curves should be given, 
the constants which enter them being arbitrai'y, x and >/ may be 
eliminated, as above, and then such values may often be assigned 
to those constants, as to give the first memliGrs of the resulting 
eqimtiona in %, a common divisor of the first or bighev degree, 
thus causing the two curves to intersect in one or more points. 



54. The equation of a surface is an equation which expresses 
the relation between, the co-OTdinates of every point of the sar- 

/«.. ■ 

A plane, surfaee may be generated, by moving a straight line, 
so. as to tonch another straight line, arid have all of its positions 
parallel to its first position. The moving line is called the generor 
(ria: ; and the line on which it moves, or which directs its motion, 
the directrix. 



55. Let 

V = «'^ + &' (1), 

)e the equation of any right line, DB, in the plana XY, and let 

« = ,12 + «. y = 6j + /3 (2), 
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be the equations of a right hne in space, wliicli is to he movod o 

the hne DB, so as to g^nersta a „ 

plaiM Since the moviii;, hne must 

^Iwa^-i he jni iUel U it^ &at jo 

sition a ind & iull rem'un the sam 

in ill ot its position'' while a and C 

mil chin^e, la tlie hne 1= nio\ d 

fioai one posi ion to nnofhei Bui 

K dnd p are thH oo oidimtes of the 

point, m which the line pieic&j the 

co-ordinate plane XY, Act. (46), and si 

the line DB, the values of a, and jS, deduced from equations (2), 

must, in all positions of the generatrix, saiisfy equation (1), when 

Bubstitated for the Tai'iables. ' The values, thus deduced, are 




6 this point mast be < 



and these, substituted for iC and y in equation (1), give 
y - S^ = a'{^ - a%) + b' (3), 



which expresses a relation between the co-ordinates of the diftcront 
points of the generatrix, in all of its positions ; it is, therefore, the 
equation of a plane. If this equation be solved with reference to 
z, and the coefficients of x and y be placed equal to e and d, re- 
'spectively, and the absolute term equal to g, we have 



■■ + dy -\- g... 



...(4), 



a form analogous to that of the right line. Art. (24). 

Since tliia equation contains three variable?, either two may be 
assumed at pleasure and the corresponding value of the third de- 
duced ; tlie three, taken together, will be the co-ordinates of a 
point of the plane, which may be consfi-uctiid as in Art, (40), and 
as any number of its points may be detei mined in the same way, the 
plane will evidently he given when the constant'^ which enter its 
equation are known. 
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And, in general, any surface will be given, analytically, wiion 
the form of its ec[uation and the constants wliich enter it aro 



58. The intersection of a plane with either co-ordinate plane 
is called a trace of the plane. 

For every point of the plane, whicJi lies in tlie co-ordinate plane 
XZ, y must be eq^iial to 0. Substituting this value for y, in 
equation (4) of tLe preceding article, we obtain 

^-^ c-x + g (1), 

in which a; and y can oflly belong to points of the pkno lying in 
the plane XZ. THs is tlion the equation of the trace, BC, on the 
plane XZ. 

Tn the same way, for all points of the piano, in YZ, x must be 
equal to ; ivhenee 

% = dy + g (2), 

is the equation of tho trace, DO, on the plane YZ. 
By making k — 0, we obtain 



for the equation of the tr^ce, BD, on the plane XY. 

For all pointe in the axis of Z, o: and y must bo equal to 0. 
Substituting these values for « and y in equation (4), we fix 



which is the distance AO, cut off by the plane on the axis of Z. 

In a similar way, wo find the distances cut off on tho axes of X 
andY 



. A ^ AB, 
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If ^ = 0, ttese distances become 0, tjio plane will pays 
through the origin, and it-s equation become 

z = ex + dy, 

without an absolute term, aa it should be, since the co-ordinates of 
the origin will then satisfy the equation. 

If c = 0, the distance AB becomes infinity, and the plane 
is parallel to the axis of X, ov perpendicular to the co-ordinate 
plane YZ, and its equataon becomes 

^ = d,j + ff, 

tJie same as that of the trace on ZY, It should be remarked, 
however, that for the plane, a: may hays auy value, or is indeter- 
minate, since its coefficient c is ; while for the trace, x must be 
equal to 0, as we have seen. 

If d = 0, the distance AD becomes infinity, and the equa- 
tion of the plane perpendicular to XZ, 

z := ex -h ff, y indeterminate. 

In the same way, if equation (3), Art. (55), had been solved 
with reference to y or «:, it might be shown that the equation of a 
plane perpendicular to XT, would be the same as that of its trace, 
s beittf/ indeterminate. 

5*r. Every equation of the fii'st degree between three variables, 
will bo a particular case of the general equation 

Ax + liy + Cz + V = 0, 

and tti?, when solved with reference to s, gives 

C^ O' 

an equation of the same nature and form iis 
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% = ex + di/ •}- s (1), 

and will therefore represent a magnitude of the same kind ; Oiat 
is, eva'y equation (^ the first degree betwten, three variables is the 
eqtialvm of a plane, and when solved with reference to s, will ap- 
pear under the form (1). 



«r:=«« + a, y = hz + ^ ..(1), 

be the eijuations of a right line, and 

t: = ex -^ dy -^ ff (2), 

(he equation of a plane. Those values of .r, y and % which, when 
taken together, will satisfy these three equations at the same time, 
must be the co-ordinates of a point common to the line and 
plane. Therefore, hy combining the equations and deducing the 
values of X, y and s, we shall obtain the co-ordinates of the point 
in which the line pierces the plane. Substituting the values of x 
and y, from equations (1), in equation (2), we find 



and by the substitution of this value of a in equations (1), wo may 
deduce the corresponding values of a; and y. If 

1 _ ac — 6rf = 0, 

the values of s, s and y will become infinite, the point in which 
the line pierces the plane will he at an infinite distance, and ike 
line v!iU be parallel to the plane. The last equation is then the 
analytical condition that a right line shall be parallel to a plane ; 
or, that a right line, having one point in a plane, shall lie wholly 
in the plane. 
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In the same way, the poinls in which any lino, in space, pierces 
a surface may be found; since the two equations of the line, with 
the equation of the surface, will always give tliree equations, by 
the coniUnation of whicb, values of the three variables may be 
deduced wMch ivill satisfy the equations at the same time. The 
number of sets of real values thus found will indicate th,e num- 
ber of common points. 



z = ex + dy + ff, 

bo the equation of a plane, and suppose any strdght line to be 
drawn perpendicular to the plane. If through the point where 
the plane cuts the axis of Z, a line be drawn parallel to the givexri 
Sine, its equations will be of the form 



in whicli a ;uid 1/ are the same as 
in the equations of the given line. 
Art. (47). Since this second line 
is also perpendicular to the plane, 
it must be perpendicular to the 
traces, BC and DC, whicii are two 
lines of the plane passing through 
its foot. The equations of the 
trace EC, Art (56), may he put 
under the form 




since the projection of BO, on the plane TZ, coincides with the 
axis of Z. 

The generiil equation of condition that the right line shall bs 
perpendicular to tlio trace is, Art. (49), 
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i + ««' + hV = (1), 

rt ivlncli, from tlie above equations of the trace, we must Lavo 

«- = I y = 0. 

Substituting tliese values in equation (!), we obtain 



for tlie condition tliat tbe line shall be pei-pendicular to the trace. 
In a similar way, for the trace DO, we have 



and tliese, in equation (1), give 

1 + 4- = » <»)■ 



are then the analyiJcal conditions tliafc a straight line sliall be per- 
pendicular to a plane. 

Conditioa (2) proves also that the projection .CM is perpen- 
dicular to the trace BO, Art. (28) ; and condition (3) proves that 
the projection OM' is perpendicular to DO. Hence, if a right line 
is perpendicular to a plane, its projeetiorts are pei-peJidieulaT to the 
traces of the plane, respectively. 

60. Let x', y', ^', he the co-ordinates of a given point, and 
z = 0^ + dy + g (l), 

the equation of a ^ven plane. The equations of a right line pass- 
ing through tte given point will be, Art. (DO), 

, - ,' = «(« - 2') !/-!/■ = S(= - A (2>- 
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Tf liJ'. >..',6 ^s required to ba perpendicular to tlio plane, we 
arast havey by 'Jio preoedliig article, 

a =^ - c, 6 = - d. 

Substituting tfiftiQ ^Uues in equations (2), we have 

^ ~ ^' =-c(z -. »'), y ^ y' = - d{z- .') (3), 

for the ec[ua(dons of a eyJit line passinn; through a given point 
and perpendicular to tlie p'lJie. 

The point, in which this ^fB-vpeiidicukr pierces the plane, may 
be found as in Art. (58), by cttab-'ning equations (3) with equa- 
tion (1); and the distance beL«tQ ihis aod the given point, or 
the lengflt of the petpondicular, \y neafl^ of the formula of Art. 
(42). 

Find the equations of a straighi ^;il,.^ passing throxigh a point 
whose co-ordinates are 



and perpendicular to tlie plane whose i>4 nation ia 
2x — By + At -\- s = 0. 

E'ind also the point in wMoh the line pierces the plar 
length of the perpendicular. 



61. The angle, made by a straight line with a plane, is tlie same 
as the angle included between the line and its projection on the 
plane. Therefore, if through any point of the Hue a perpendicular 
be drawn to the plane, this perpendicular, a poi'tion of the line and 
its projection on tlie plane, will form a right angled triangle,' of 
which the angle at the base will be the angle made by the line 
and plane, and tlia angle at the vert«x, ifa complement. 

Denote the first angle liy A, and the angle formed by the given 
line and the perpendiculai by Y, Then, the hne being repre- 
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n 



sented \>j equations (1) and (2), Ai-L (44), and the piano by 
eijitatioL (4), Art, (55), the perpendicular will be represented by 
equations (3) of the preceding afticle, and by substituting — c for 
a', and — d for 6' in the formula (3), of Art. (49,) we have 



■ M 



VI + a' -i- b'' Vi. + c^ + d-' 

from which we determine the sine of A, and thence tlie angle 
itself. 



the angle becotaea 0, and the line is parallel to the plane, a con- 
dition before determined, Art. (58). 

62. Let 

^ ^ ex + dy i- g (I), 

J = c'a; + d'y + g' (2), 

be the equations of two planes. Those values of x, y and i which 
will satisfy both of these equations, at the same time, must belong 
fo points common, to the two planes. If then we combine these 
equations, k, y and % in the result can only belong to the line of 
iatersection ; and if one of the variables, as %, he eliminated, we 
iiave 

(c _ c> + [d -■ d')y + g - ff' = (3), 

which must be the equation of the projection of this line of inter- 
section on the plane XY. In the same way, if the equations be 
Rombined and x be eliminated, the result will be the equation of 
the projection of the line of intersection on the plane YZ. Two 
projections being thus determined, the line will be known. 

If sncli a relation exists between c, c', d and d', that no values 
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; and y will satisfy equation (3), tlie plaiies eaii not intcrsent, 
must be parallel. This can only Le the case when c = c' 
rf =: rf' as we shall then have 



ivhioh eaii not be if the plan 



are (ke analytical conditions that two planes shall he paralld. 

By referring to tlie equations of the traces of tkese places, wo 
see that c := e' is the condition that the traces on the plane 
ZX shall be parallel, Art. (28), and tiiat d = d' is the con- 
dition that the traces on the plane ZY shall be parallel ; hence. 
if two planes are parallel, their traces are parallel. 

If the pline represented by equation (1) is parallel to the eo- 
ordm^te pKne XY, its traces on XZ and YZ must be parallel, 
i%spei.tively, to thfe axes of X and Y ; hence, by a reference to the 
tquations of these {races. Ait. (56), we see that 

c = 0, (Z = 0, 

m 1 tl it P ]U LtioTi (1) reduces to 

z ^ ij, ce and y indete-mii-nate, 

for the equiition of a plane parallel to tlie co-ordinato plane XY, 
Tf ^ = 0, al50, we have 

2=0, m and y indeterminate, 

for the equation of the co-ordinato plane XT. 

If the plane represented by (I) is parallel ta tlie co-ordinate 
plane TZ, its traces on XZ and XY must be parallel to the axes 
of Z and Y which requires 
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These i-alues, sul)stituted in equation (l), placed under tiie form 



X ■= — jL. or X =■ h, y and z indeterminate, 

for file eqnatioa of a plane parallel to YZ, and at a distance from 

it equal to — ^ = S. - 

If g = 0, also, we have 

X = G y and % indelerrmmcle, 

for the equation of the plane YZ ; and similar ec[uatioiis may be 
found for a plane parallel to XZ, and for the plane XZ itself. 

The preceding method of finding the intersection of two planes 
is applicahle to any surfeces whatever. Thtis : Combine the equa- 
tions of the surfaces, and eliminate one of the variables, the reEult 
will be the equation of the projection of the iatcrsectiou on the 
plane of the other two vai'iables. Combine the equations again 
and eliminate another vaiiable, the result will he the equation of 
tho projection on another plane, and the inters ecti on will be thus 
determined. 

lii'irid tlio interaecSoi) of the t«o planes whose equations are 

2s: — 3y -i- 2z = 0, 



63. If through any point, ivithin the angle included by two 
planes, a line he drawn perpendicular to each plane^ the angle in- 
cluded by one of these lines and the prolongation of the other, 
mil be equal to the angle included by the planes. Let the equa- 
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tioiis of the planes be the same as in the preceding article, then 
the equations of tlic perpendiculars will be, Art. (60), 

;, _ y = _ , (, _ ..), ;,-/=,_<!(,- i). 

If we denote the angle -which theae lines make, by A, and then 
substitute — c and — c' for a and a', and — d and — d' for h 
and 6', ia formula (3), Art. (49), we have 



Vl + c'^ + d-i Vl + c" + d>^ 

from which we deduce the value of cos A, and thence of A itBelt^ 
which will express the number of degrees, &e., contained in the 
angle of the planes. 

If the two plawes are parallel, we have A = 0, cos A = 1. 
By substituting this value of cos A, clearing of denominators, itc, 
as in Art, (49), we may deduce the same equations of condition aa 
in the preceding article. 

If the two planes are perpendicular to eacJi other, wo must bave 
A — 90", cos A = 0, wHcli requires 

\ ■{■ ci^ -V dd' = 0, 

the equation of condition that two planes sliall ie perpendicular la 
each other. 

If the first plane coincides with the plane XY, we have, from 
the preceding article, 

-; = (f = 0, 

and cos A reduces t« 
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for tho cosine of tlie angle made by tlie second plane witli tiie 
co-ordinat<3 plane XY. 

If the same plane coincidea witL the plane YZ, we iiave 



and these values substituted in equation (1), first placing it undcf 
tbe form, 



\/i + 1 + ? VV^^r^Tl- 



Vl 4- c'« + d's 



for the cosine of tbe angle made by tbe second plane witb the 
plane YZ. 

If the plana coincides witb XZ, wo have 

1 = 0, i = 0, 

d d 

and equation (1) may be reduced to 



In the same way, if the second plane be made to coincide, in 
succession, with each co-ordinate plane, we may deduce for the 
angles X', Y' and Z', made by the first plane with tbe co-ordinate 
planes 

cos X' = — . ,■ cos Y' = '^ . . 
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Vl + C* T- d' 

Tf both membei's of these thi'oe equations hp. squsirecl and tbo 
resti^ added, member to member, we find 

eo5=X' H- cos'^Y' + cos=Z' = 1. 

If the values of cos X' and cos X" he multiplied together, also 
cos Y' and cos Y", cos Z' and cos Z" and the theee products 
added, ive obtain 

cos X' COS X" + 003 T' cos Y" + cos Z' cos Z" = cos A, 

an expreasion for the cosine of the angle formed by two planes, in 
terms of the cosines of the angles made by the ])lanes with the 
co-ordinate planes. 



64. Let k', j)', z', bo the co-ordinates of a given point, and 

z = ex + dt/ + g (1), 

the general equation of a plane, in ivbiob c, d and g are arbitrary 
constants. If the given point is in tbia plane its co-oi'dinates must 
satisfy the equation and give the equation of conditioi:, 



Subtracting this equation, member by member, from (1), we ii 
troduee the condition into that equation and obtain, 

i - z' = c{^ - ^•) +- 4v ~ f), 

for the eqiintion of a plane passing tbrongh a given point,! 
wbicli t and d are stijl aj-bitfary. 



GG. If tlie plane, represented by equation (1) of the preceding 
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article, lie required to contain the tliree given points ,«', y', e', x", 
y'', z", and x'", y'", s'", these co-ordinates, ivlicii aiilistitiitcd in 
succession for the variables, must satisfy the equation and give 
the three equations of condition, 

z' =: ex' + dy' + J/, 

%'• = ca" + dy" + (J, 



From these three equations, the values of the three consttints c, 
A and g may be determined, and substitutfld in equation (1). 
Hie result will bo the equation of a plane passing tlnough throe 
given points. 

Find the equation of a plane passing through the three points, 

<t"' =. 0, y"' = 2, %'•> = 0. 



TllANSE'OKHATION OF CO-ORDINATES. 

66. Ill developing and discussing the properties of lines and 
surfaces, it is often of great advantage to change the reference of 
their foints from one system of co-ordinates axes or planes to ano- 
ther. The system from which the change is made Js called (he 
2K-im'iiive syaiem. ; the one to which it is made is the new system ; 
and changing t]ie teference of points, from one systeirt of co-ordi- 
nate axes or planes to another, ia called tlie iro/mformation of co- 
ordinates. 

If a line or surface bo g^ven by its equation, and it be required 
to change the reference of its points to a new system of co-ordinat* 
axes or planes ; it is only necessary to deduce values for the primi- 
tive co-ordinates in terms of IM nevi, and f« substitute these values 
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for the variables in tte giren equation. The result, ex;jressing s 
relation betiveen the new co-ordinates of the points, will of coui-se 
be the equation of tlie line referred to tlie new system. 

From the nature of this operation, it is evident that no change 
whatever takes place, either in the nature or extent of the line or 



C?. Let AX and AY be any set of co-ordinate axes, and AX' 
and AY' any other set having the same origin, Denote the angle 
included between AX and AY by ^, 
and let a and a' denote the angl^ 
made by AX' and AY', r^pectively, 
with AX, Let AP = a; and 
MP = J/ be the co-ordinates of any 
point, aa M, when referred to the first 
set, and let AP' = x' and 
MP' := y' be the co-ordinates of the same point referred lo the 
second set. Throagh P' draw P'R parallel to AX and P'S paral- 
lel to AY. 

In the triangle ASF, the angle 




AP'S = P'AY = /3 

and since the sides ; 
have the two proporti 



- a, sin ASP' = sin YAX = s 

re as the sines of their opposite angle 

.in ((3 - ») : riii ASF or sin ft 



-») 



In the triangle P'KM, 
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P'MR == YAY' rr-. fd - a\ MF'E = Y'AX -■ 

MRP' = P'SA, 
and we liave the pvopoi'tions 

P'K : P'M : : sin (^ - c,') : sin /3, 
MR : P'M ; : sin a' : sin ;S ; 
whence 



ivia = 



We have also 

AP ^ AS + P'E 



MP = P'S + MR. 



Substituting, ia tiiese equations, the values above deduced, \ 



'Jl 



) + y-,in(| 3 - .0 
sin/3 ' " • 



in which the values of tlie primitive co-ordinates are expressed in 
terms of the new and constants ; and theso are the formulas, for 
passing from any sjstem of rectilineal co-ordinates to another 
having the same origin. 

(f the new origin is different from the primitive, at A', for in- 
stance, it 13 evident that we have 
simply to add to the above values, 
a' and 6', the co-ordinates of the new 
origin refetred to the primitive sys- 
tem. We thus obtain 




») ■ 



n(f!- 
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rNDETERMIKATB GEOMETRY, 



: 6' + 



(' sin a + 3/ s 
sin ^ 



■ffeneral/omiilas for passing from one sij^lem of rectilineal co-ordt- 
nates io any other, in the sameplane. 

If the new axes of co-ordinates are required to ha jiavallcl to 
the primitive, we have 

and the ahove formulas rsduco to 

^ = a' + ^', fj = h' + ,/ (2), 

formulas for passing from, any set of co-ordinate awes to a parallel 

If the primiUve axes are perpendicular to each other, we have 
,3 = OO", .in /3 = 1, .in if! - a) == co. «, 

and foriuiilas (1), i-educo to 

^cos. , 2, cos a ^^^^ 

y = 6' 4- s' sm a + y' sm a' 

formulas for passing J^-om ci system of rectangular co-ordinate axes 
to an oblique system, in the same plane. 

If the primitive axes are perpendicular to each other, aDd also 
the new, we have 

Bin {0 -a) = co^a, sii, (/3 - «') = sir,(- a)^ - sin a, 

and formuhis (1) reduce to 
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[ovmulas for passing from a system of rectangular co-ordinate axes 
to another system, also recta,ngular, in the same plane. 

If tliQ new axes, only, are perpendicular to each other, v/e have 

«' = 90° -|- a, sin a' = cos n, cos a' = — sin b, 

and formulas (1) reduce to 

X- a' 4. ^' ^^° W - "^ - ^il^^ 
- + mn~0 

(5), 

y = 6' + :"' "" '■ 



<ia + y'c 



foriHTilas for passing from a system of oblique co-ordinate axes to a. 
rectangular system, in the same plane. 

If the aew origin be the aame as the primitive, a' and b' in each 
of the above formulas will be equal to 0. 

68. We may illustrate tlie u^e of the formulas of the piecediog 
article by the following 

Examples. 



x'^ + y^ = W (1), 

be the equation of a circle referred to its centre and rectangular 
co-ordinate axes, Art. (35), and let it he proposed to change the 
reference to a parallel set having the origin at the point 0. 

The co-ordinates of the new origin will 
be 




and these values, in formulas (2), reduce 
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X :^ - R -{- x\ y = y'. 

Substituting these last values for x and y in equation (I), and 
reducing, wo obtain 

y'^ = 2Ux' — x'\ 

an equation before found in Art. (38). 
2. Let 

y = ax + b... 



...(2), 



be the equation of the right line A'B, referred to tl 

axes AX and AY, and let it bo proposed y- 

to find the equation of the same line 

refeiTed to the axes A'X' and A'Y', also 

at right angles, the axis of X' mating 

an angle of 45° with the axis of X and 

havii^ the new origin at A', the point -^ 

where the given line cuts the asis of Y. The general fovmulas tu 

be used in this case are formulas (4), in which 

a' = 0, 6' = b, sin a = cma.. 

These values reduce the formulas to 

X = {x' - y')cosa, y = b + {x" + f) cos a, 

and substituting these values for x and y, in equation (2), we have 

h + {x' + y') cos £4 = a{x' — y') cos a. + b, 

or reducing, 

, _ tt - 1 , 



60, Let AX and AY be ,i set of reetitngular co-ordinate ! 
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and M any point referred to Uiens 
hy the co-ordinates AR ^^ x, and 
MR = y; and let P be the pole, and 
PS the fixed line, to whicit the point is 
referred by the radius vector PM — r 
and tJie angle MPS = v, Art. (18). 



AO = a', OP = b', SPT = ct. 

-In tie right angled triangle, MTP, wc have 

PT = ,■ cos {v + «}, MT = >■ sin (v + a). 

Substituting the above values in tlie ec[uations 

AE = AO + PT, ME = OP -f MT, 

: have 

= a' + r cos [V + a), y = V + r sin {v -{- a.) (1), 

of rect- 



which are general formulas, for ^asdng from a sysk 
taigular eo-ordinates to a system of polar co-ordinates, in the sa: 

The fixed line is generally taken parallel to the asis of X, 
which case k = 0, and formulas (1) reduce to 



If the pole is at the origin, wc have 
From the second of equations (1), we 



in whicli, if ¥/ > 6', y — h' is positive, the point M is above 
the line PT, and sin [v + a) also positive ; hence, the value of' 
r will be essentially positive. 
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If :/ < h', y — h' is negative, the point M is below PI", 
sin {v 4- a) also negatise, and the value of r positive, 

The value of the raditis veelor is therefore always positive. 
Hence, if in (lisciissing the equation of a line referred to & fixed 
point and fixed right line, usually called the polar egiMticn of the 
line, a negative value of the radius vector is found, it must be re- 
jected, as tbieve can he no corresponding point. 



70. To illuatriite the principles of the pvoccding article, let it 
be proposed to determine and discuss the poiai' equation of thti 
<arc!e. Ita equation referred to the 
rectangular axes AX and AY, is 



3tS -f J/' 



...(1). 



Suppose tJie fixed line PS, from \ 
which the angle v is estimated, is \ / 

parallel fo the axis of S, we must -^_,--' 

then use formulas (2). Squaring the values of x^ and y, we liave 

:xfl = a-^ + 2a'r cos «; + r^ cts= v, 

y" := 6" + 26'r sin v + r^ sin" v. 

Substituting these values in equation (1). recollecting that 



...(2), 



and reducing, we obtain 

r' + 2(a.' cos « + b' sin r)r + a'^ -\- b'^ — R« = 

for the genera] polar equation of the circle. 

By attributing partjoular values to a' and b', the pole may be 
placed at any point in the plane of the circle. 

If the pole be placed at C, we must have 
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equation (2), giv« 



His equation gives two values o 



: 2E cos V. 



These two valiies of t represent the distancaa from the pole to 
the points in which the radiiia vector, making any angle v, cuts' 
the circle. ■ Since the pole is on- the curve, one of these values 
ia necessarily 0, whatever be the angle r. The second may then 
represent any radius vector as CM. 

If in this second value w = 0, we have cos u = i, and 



M" 




: 2R = 



CE, 



which gives the point B. As v in- 
creases, cos V will remain positive until 

r becomes 0, and the radius vector 
takes the position, CM' tangent to the circle at C. As v increases 
beyond 90°, its cOsine becomes negative, the value of t is negative 
and gnes no point ot the curve, until v becomes equal to 270°, 
wben cos i ^ and r = 0, taking the position CM'". 
IS beyond 270°, its cosine is positive, r is positive and 



gLves points of the curve until v = 360°, when w 
r = CB 

Ftom this ' 
'dl the j-omts li 
the curve are oi 
from 270° fo 3 
circumference. 

The second value of r is readily verified, ; 
angled triangle CMB, we have 



I again have 

e see that as v increases h'om to 00°, we obtain 
the semi-circumference BDC, that no points of 
the left of the line M'M'", and that as v increases 
0°, we obtain all the points in the other semi- 

1 the righS 



cibyGoogle 



CM = CB cos BCM or r = 2'B. cos i: 

If the pole is placed at B, wo have 

a' = R, h' =. 0, 

and equation (2) gives tlie two values 

»■ = 0, ■ r = — 2E COS w. 

The second value of r will be negative for all values of v Ics; 
tliaii 90° or greater ttaa 270°, and positive for all values fron 
90" to 270°. 

If the pole is placed at the centre, we have 

a' = 0, b' ~ 0, 

and equation (2) reduces to 

r = E, 
V being indeterminate, since its coefficient is equal to 0. 



71. Byreiiectng ujon th-- d'.ou.'.i i c rtimel n the three 
preceding aili lea Vie see th-it tn d fhsbes t pio[ titions may 
aiise in the tiin toimrtioa of co oid intcs 

First; when it is piofced to change the refeiem-e horn a 
^ven set of co ordinate axes to ■mother set the exact ] osition of 
which is known In this caso the constants which enter the values 
of the primitive co-ordinates are given. 

Second ; when it prop<Bed to cliange from a given set to aao- 
ther, the position of which is to be determined, so tliat the resiiU- 
ing equation shall assuiDe a certain form, or the new set fulfil 
certain conditions. In this ease, the constants above referred to 
are arbitrary, and by assigning values to them, as many re^ona- 
bie conditions may be introduced as there are such constants, and 
the pcsition of the new co-ordinate axes thus determined. 
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din ate iises at right 
to eacli otliei', and AX', 
d AZ th ee obi que (lies 
tlie s me o ^ n Do 
1 s n de by the 
S. th tie !h e 
of V \ and Z 
by \ Y and Z 
>> the ax AY 
« th the am hyX \ and Z 
:md those made by AZ', by X", Y" and Z". 

Let M be any point, in space, referred to the pviniitive planes 
by the co-ordinates x, y and s. Throngli ttia point draw the line 
MP parallel to AZ', until it pierces the new plane X'Y', in the 
point P ; through this last point, draw PE parallel to AY', until it 
intersects the new axis of X', in R ; then 




PE = 



MP = ; 



are the co-ordinates of the point M refen-ed to the obhqne co-ordi- 
nate planes. Through the points M, P and R, pass planes paral- 
lel to the plane XT, interaecting the asis of Z in M', P' and E'. 
AM' is equal to z, and the lines AR, EP and PJf, are the hypothe- 
niisea of right angled trianglea, the bases of ivhicli are Alt', RE" 
and PP", and the angles at the bases, Z, 7.' and Z". From these 
triangles we have 

AR' = AE cos Z, EK" = EP cos Z', PP" = MP cos Z". 

Substituting these values for their equals in the equation 

AM' - AB' -i- R'P' -1- P'M', 

Biid for AM', All, RP and MP, tlieir values, we have, 

% ■=. x' cos Z + y' cos Z' ■\- %' cos Z". 
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In a similar way, by drawing lines tlirougli tlie point M respec- 
tively psirallei to the new axes of X' and Y', we may deduce 

I = .' cos X + ,f CO.-X' + ,■ cos X", 
y ^ x' COS Y + ^' C03 Y' -|- «' C03 Y". 

'lliese three equation'* tal en together express the values of the 
primitive co-ordinates in terms of the new, and are Uie formulas 
for changing the leftience of points from a set of co-ordinate 
planes at right angles to -mother set oblique to each other, having 
the same origin. 

If the origin be also diauged to a point whoso co-ordinates are 
a, h and c, these formuW become 

s = a -^ a;' cos X -f J/' cos X' -f ^' cos X", 

y = h + s:' cosY -1- y' cos Y' 4- s' cos Y", (1). 

s =. e ■*(- x' cos Z -|- !/' cos Z' -|- ;' cos 7,'\ 

In these formulas tJiero are twelve constants ; but since the 
.iUgles X, Y, Z, &c., made by each of the new axes with the prim- 
itive, must fulfil the condition expressed in equation (4), Art. (48), 
thus forming three equations of condition, we ean, by means of 
these constants, inti'oduce only nine independent conditions. 

If the new axes are also perpendicular to each other, we shall 
have the cosines of the angles, included between each set of two, 
equal to 0. Placing the expressions for th^e cosines, Art. (48), 
each equal to 0, we have three more equations of condition exist- 
ing between the arbitraiy constants. 

If tlic new axes are parallel to the pi'imitft-e, we have 

X = 0, Y' ^ 0, Z" == 0, 

and each of the other angles equal to S0°, hence the above fouvu 
las reduce to 
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wiiicli are llie fcninalas for 
anffks, to a parallel set. 



7n. Let M be any poiat, in spaoe, referred to tho three 
rectangular co-ordinate planes, by 
t]ie co-ordinates 




sind to the fixed plane XT, tJio line 
AX and tho point A, by the polar 
co-ordinates, Art. (43), 

AM = r, MAP = V, EAP = w. 

The nght angled triangles AEP and MPA, give 

AR = AP cos «, EP = AP sin u, 

Substituting the value of AI*, the first three equations give 

which AK formulas for passinr/ from a system of rectangular co- 
ordinates to a system of polar co-ordinates, in space. 
From the last of the above eqiiaLlons, we have 



sud smce s and tlie sin v will always liave.tlie same sign, Oie radvtts 
vector will always he positive. 

The equations of tlie radius vector in any one of its positions, 
will be of the form, Art. (45), 
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Substituting tho values of x, y and s, taken from formulas (1), 
we liiive 

« = cot )» cos It, 6 = cot )i sin m, 

and these, in equations (2), giye 

ffhidi will lie given, when v and n are known. 

OF THE CYLINDER. 

7i, A cylindrical surface or cylinder, may lie generated by 
moving a straiglit line, so as to touch a given curve and have all 
of its positions parallel to its first position. 

The moving hue is oAX^A. the geiierairix ; and the given curve 
the directrix of the cylinder. 

The different poalfiona of the genei'atrix ai'e called elements of 
t/ie surface. 

The curve of intei'section of the cylinder, by any plane, may be 
regarded as the base of tiie cylinder ; and when the elements are 
perpendicular to the base, the aurlace is a right cylinder. 

■75. If the dircctris of the cylinder is a plane curve, its plaiiu 
may be taken for the co-ordinate piano XY, and its equation may 
be represented, generally, by 

/(^, y) = (1), 

which is read, a function of x and y equal to mvo ; tlio first mem- 
ber beitiD- a symbol to indicate an expression containing !C, y and 
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constants ; or that x and y are so connected lliat one ct 
wiUiout lie ottter. 
Lot 

a = «:; + a, y = bz -^ ^, 

be il»e equations of a right hne which is to be moved si 
erate the surface. Since the difieient positions of this 
are parallel, a. and 6 remain constint, while, as the line is moved 
from one position to another, a 
..,.-.. ind /3 must change. But a. and 

', ■//.■''/ -J lie the co-ordinates of the point 

' '• '.',;'' ill ivliich the geueratvix pierces 

,, , y ± th^ plane XY, Art. (46), and 

<-"'^'///M^ since this point must be on the 

directrix CD, the values of « and 
^, when substituted for x and y, must satisfy equation (1). These 

ind when subitituted in equation (1), give 

f{v ~ az, y - hz) = 0, 

an pquation expressing the relation between the co-ordinates of 
lae different points of the generatrix in all of its positions. It is, 
therefore, the gmeral eqiiatiort of a cylinder, of which the directrix 
may be regarded as the base. 

In order then, to obt^n the particular eqiiation of a cylinder, 
whose directrix is given, we have simply to substitute, for x and ^ 
in (lie eqication of the directrix, the es^essiwu 



'id. If the directrix is a circle, whose equation is 
ars + y= = R^ 
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tJiG origin boiiig at the centre, we have, by malting tlie substitu- 
tdoas above refen'cd to, 

{, - a,)' + (y - i.)' = E- (1), 

the et/uailon of an oblique cylinder with a circular hase. 

If this cylinder be intersected by a plane pai-allel to XT, the 
equation of which, Art. (62), is 

E =; ^, X mid y indeterminate, 

wo have, by combining the equations, Art. (62), 

(I - as)' + (j - is)' = R', 

for the projection of the curve of intevsection on XY. But this is 
evidently the equation of a circle, whose radius is R, Art. (34), 
and therefore equal to the base. But since this iHterseetion is 
parallel to the plane XT, its projection ia evidently equal to the 
line itself. We therefore conclude, that if a cylinder, with a dr- 
enlar base, be intersected by a plane parallel to the base, the iuter- 
seotioa will be a circle equal to the base. 

If a and b are equal to 0, the generatrix becomes parallel to the 
axis of Z, or perpendicular to the base, tlic cylinder becomes righl:, 
and equation (1) reduces to 

a* + )/^ = K', 
the same os the equation of the base, s beiaff indclermhiale. 



OF THE C0NI5. 



TJ. a conkiil surface, or amf, may be generated by moving a 
BtiMght line, so as, continually, to p^s through a fixed point and 
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t fixed point is the vertex of the isoue, and the parte of the 
surface separated by tlio vertex are 
called na.pp<:s. 

The inteweotJon of the cone by any 
plane may be regarded as its base. 
The right line drawn from the vertex 
to tie centre of the base is the axis 
of the cone, aiid if this axis is per- 
pendicular to the plane of the base, 
the cone is a riffkt e(me. 




Vs. If the directrix of the cone is a plane curve, its plane m:iy 
be taken as the co-ordinate plane XY, and its equation be repre- 
sented as in article (75), by 



If a/, 7/' and i' are the co-ordinates of the fixed point, or vertex, 
the equations of the generatrix will be. Art (oO), 



in whicli a and h change as the generatrix is moved from one 
position to another. These equations may be put nnder the form, 

X = az + {x' ~ a%% y = -bz + (3/' - 6*'). 

in which the absolute terms, 

are the co-ordinates of the point, in which the lino pierces the 
plane XY, Art. (46), and since this point is on the directrix, what- 
ever be the position of the generatrix, these values, when substi- 
tuted for X and 5/ in equation (l), nrnst satisfy it, and give 



/{'' 



- bz') 
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Substituting iu this ecuiation, the values of « and b, in tonus of 
t, y and %, deduced from equations (2), 



we have after reduction, 

f(~^- '^^^Y" <»>■ 

an ef[uatiou expressing the relation between x, y and k, for all 
positions of tie generatrix. It is, therefore, the general egvation of 
a cme, of which the directrix may be regai-dod as the base. 

In order then to obtain the particular equation of a cone, wiose 
directrix is given, iva have simply to substitute fm- x and y, in ike 
equation of the directrix, the expressions, 



Is. If the directrix is a circle, whoso equation is 
x" + y^ = R=, 
we have, by making the substitutions above referred to. 



(.'. - AY + (,.. ^ i,)' = E' (=i - =')■.. 



for the equation of an oblique cone mth a circular base. 

If this cone be intersected by a plane parallel to SY, tie equa- 
tion of which, Art. (62), is 
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% z= g^ X and y indelermhiate, 

wo have, tj comliining the eq^uations, 

i^s - ,'if + (jv - «'y)" = R> (y - ^')', 

for the projection of tlie curve of intersection on XT. By di- 
viding both memhera by 2'^, this equaUon may be put under the 
fovm 

{^ ^ ,^ ^ {^JL . yy^^^(, - ,.J, 

wliich is llio equation of a circle, the co-oi'dJnates of whose centre 

iiio — and ^ , and the radius, the square root of the second 

■member, Art. (34). This projection being equal to the cavve itself, 
we conclude, that if a cone, with a circular base, bo intersected by 
a plane parallel to the base, (Ae intersection wilt be a circle. The 
radim of this circle will decrease as </ inoroases, until p- = s', 
when the radius becomes and the equation takes the form 

(:,' _ ^y + (,/ _ ,,Y = 0, 

wJiich can OTily be (.atiaficd, .Art. (id), by making 

and the circle becomes a point. 



the vertex of the cone is on the axis of Z, at a distance, from the 
origin, represented by A; the cone become,? right, and equation 
(1), of the preceding article, becomes 
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(>' + .f) !,• = E- (2 




If tlia angle, mado by the elements of tlio cone with the plai 
of tiie base, be denoted by v, wc have in the right angled triaiig 
VAB', 



fanff AB^V 



AV 



R 



and equation (l) becomes 

(.■ + y=)tong'. = (l - 4)- (2), 

for the equation of a rigid cone with a circular lose. 



81 . Through the axis of T, in the figure of the preceding article, 
let a plane be passed intersecting the cone. This plane being per- 
pendicular to the plane XZ, its equation will be the same as that of 
its trace on XZ, y being indeterminate. Art, (56). Let the angle. 
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which this piano malsas with XY, bo denoted hj u, the equation 
of its trace, AE, will he, Art. (24), 

The equations of the curve of intersection of the plana and cone 
may now be found, aa in article (63), But as the different curves, 
obtained hy changing the position of the cutting plane, foiin a 
claiss possessing very remai-kahle properties, the discussion of which 
is much siraphfied by referring the intersection to lines in its own 
plane, the hitter method is chosen. 

Let us then take the right lines AX' and AY, as a new system 
of rectangular co-iSdinate axes, and let us estimate the positive 
values of x" from A to S', and tho positive values of y' from A 
to Y. 

Let M he any point of the curve of intersection. Its co-ordi- 
nates, referred to the primitive planes, are 

K = AP, y = ME, s = EP, 

and referred to the new axes, AX' and AY, 

- X' = AE, 1/' = ME. 

From the right ajigled triangle APE, we have 

AP = AE cos M, EP = AE sin «, 

a; = — *' cos «, s = — a' sin M. 



Tf these values of a:, y and s he substituted in equation (2) of 
the preceding article, the result expressing a relation between x' 
and y' for points common to the plane and cone only, will he the 
equation of the intersection. Mating the substitution, we oblain 

(.r'^cos'M + y'^) tang' )j = {— a;' sin m ~ A)°, 
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or ■performing tie operation indicated in tLe second inemlier, and 
transposing, 

y'* tang" i) = x'^ sin" « — x'^ cos" u tang" v + 'ix'h sin u + 'h% 

or recollecting that 

ain' u = eos% tang' m, 

and omitting the dashes of the variables, 

t/'tang'w =a'"cos»M(tang»M — tang^u) + 2,tAsinM -)- ^^..,(1), 

for the equation of the line of intersection of a plane and right ecme 
with a circular base. 

In this equation, k may now be regarded as the distance from 
tho vertex of the cons Ui the point in wliich the plane cuts the 



L the above equation, v remmmng the same, all values 
o u from to 90°, and all values to h, from to in- 
finity, it will represent, in succession, every line wMch it is possi- 
ble to cut, from a given right cone with a circular base, by a plane. 
There are three distimt cases. 
First, when 

Tn this case, tlie cutting plane makes the same angle witb the 
base that the elements do, or ia parallel to 
one of the elements, and since 

tang^ u ^ tang' v, 

the coefficient of a? becomes 0, the equation 



1/' tang' V =^ 2xh sin it H- h'', 
'e represented by it is called a Parahola. 
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If in tliis equation, h = 0, flie cutting plane passes tLrough 
the vertex, and tiie equatiou reduces to 

y^ tang' !> = 0, 

wHcli can only be satisfied by making 

!/ = 0, 

which, aineo x is iocle terminate, is the equation of the axis of X, 
Ai't. (21). A right line is therefore regarded as a particular case 
of the parabola. 
Second, when 

M < *, or tang u <; tang v. 

In this case, the cutting plan© makes a less angle iviffli the base 
than the elements do, or is parallel to none of tlie elements, see 
figure of Art. (80) ; and since, 

tang" u < tang' v, 
the coefficient of a* is essentially nei/ative and the curve represent- 
ed by the equation is called an Ellipse. 

If in this case m = 0, the cutting plane is parallel to the 

cos M = 1, sin M = 0, tang m = 0, 

and tlie equation reduces to 

y' tflng' V = — a' tang' v + IJ', 
w dividing by tang' ■» and transposing 

?' + '' = ^^, 

which is the equation of a circle, Art. (35). 

If A = 0, u being still less than % the plane pasjses through 
t!ie vertex, and the equation reduces to 
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:' cos^ M (tang* '• 



■ tangsa). 



the first member of which is essentially positive and tlie aecoad 
negative; it can therefore he satisfied fov no values of x and j-, 



which are tie equations of the origin of co-ordinates, Art. (Ifi). 
A circle and point are Ikerefore regarded as particular cases of tht 
ellipse. 

Third, when 



: > '. 



tang u i> taiig i'. 



lu this case, the cutting plane makes a greater angle with the 
base tiau £he elements do, or is parallel to two of the e 
viz. those cut fi^^m the cone by passing a 
plane tlirough the vertex parallel to the 
cutting plane, and since 

tang* w >■ tang^ v, 

the coefEoient of x^ is essenUally positive, 
and the curve represented by the equation 
is called an Hyperbola. 

If in this ease, h = 0, the equation 
reduces to 



■* tang'i ■ 



i' il {tang'' ; 




both membl-'l^ uf wlnah arc essentially positive. Dividing hf/ 
tang' V, and platmg 

cos'^ M {tang' M — tang' «i) ^ 
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whicli I, evidently, represents two riglit lines intersecting at the ori- 
gin of co-ordinates, Art. (24), the equations of which are 



Two right lines, which intersect, are therefore regarded a. 
tktilar case of the hyperbola. 



S3, Resuming equation (1), Art. (81), dividing by tang* w, 
»iid denoting tlie co-efficient of x^ hy r\ as above, we have 

y' =. ,%■ + 2. iS?i + ^^ (1). 

tang"!' tang^ v 

Now let us tratisfev the reference of the points of the curve to a 
net of parallel eo-ordinate ases, having their origin at D, the point 
in wMch the curve is cot by the axis of X, [see figure of Art, 
(80)]. Formulas (2), of Art. (67), become for this case. 



II representing the distance — AD, and S'being equal to 0. 
Substituting these values in equation (l), we have 







+ ,... + . *■'".« , + ^ '". . 




ITie origin of co-or^iinates being on the curve, tlie 


abso!ut»i 


ierm 

tang' V tang* v 




* Note, li should be observed, iJial by plating the absolute tc 


.rm 


.w J. qAsim. „ 1 ■*' n 
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must be equal to 0, Art. (38), and the equation, after omitting 
the dashes and placing 



a general equation, which may represent either of the above 
named cun-es ; Ihe parabola when r' = 0, the ellipse when 
f° < 0, and ilm hyperbola when )'^ > 0. 



OF THE PARABOLA. 

84. If )■' — 0, equation (2) of the preceding article, be- 



This equation heiiig of the second degree, the line represented 
by it is of the second order. Art. (33), and Ip being the only con- 

■we have an equation of the second degree, and Ihciefore two Taluea of a, 
whicii will fulfil the required condition. Solving the equation, subslitu- 
ling Ihe value of j^ and reducing, we find 

_ _ ^ (mng « ;f tang ia) 

cos tt(tang3K — tang^w)' 

In the parabola, is being equal to it, llie first value rednces to — , and the 

second, lo infinity, ..but, by Blrilti'ng out the common factor, 
tang v, — lang t, the first value becomes finite and negative, as it should 
be to gi 1(6 the point D. 

In the ellipse, the first value is negative, the other positive, the negative 
value being used. 

In the hyperbola both values are negative, the one wlikh is numeri- 
cally the least being used. 
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RtJint, the line ia given wlien 2^ is given, Art. (23). Thi a con- 
stant is called the parameter of the parabola, and siuco from oqua- 
iion (1), we may deduce t!ie proportion 



: y : : y 



2p, 



we say, the parwneter is a third pi-opwtional to the abscissa and o 
liinate of any point of tlie curve. 



85. If equation (l), of tbe preceding 
I'eference to >/, we have 



rticle, bo solved v 



JP JF 



For every positive value of x, there wil! be two corresponding 
real values of y ; hence, the curve is con- 
tinuous and extends from the origin. A, 
to infinity, in tiie direction of the positive 
abscissas ; and since these values of y are 
equal with contrary signs, it follows that 
for each assumed abscissa, as AP, there 
will be two corresponding points of the 
curve, one above and the other below the 
axis of X, at equal distances, and the two values of y taken to- 
gether will form a chord, a.s MM', which will be bisected by tbe 
axis of X ; hence, the carve is symmetrical with regard to tjie axis 
qfX. 

The line AX is called the asns of Ike parabola, and the point A, 

in which it intersects the curve, is called the vertex ; and, in 

general, any straight line, which hisects a, system, of chords perpm- 

dicalar to it, is an ims of the cture in which the chords are drawn. 

If X — 0, we have 



which proves that the curve ' 
origin, Art. (34). 



= ± 0, 

. tangent to the axis of Y, at the 



cibyGoogle 



If « w mgatine, the values of y are imaginaiy ; hcuce, tliere i 
MO point of the curve on tlie left of the axis of Y, 
If y = 0, we have 



■1 X in one point only, at the origin. 



86. The curve may be eoiistructed by points fi'om its eqiiatiofl 
as in Art, (22), This is done geometrically, thus : Let AX and 
AY be two co-ordinate axes at right ^ 

angles. Lay off from the origin ift 
the direction of the negative ab- y 
scissns Ai" = 2p, and take any / 



i AP: on the m 



\ 



line PP' as a diameter, ( 

cirele, and from tlie points in which 

it intersects the axis of Y, draw 

lines parallel to the axis of X until they intersect the perpendieuhtr 

erected to AX, at P. The points of intei'section, M and M', will 

he points of the curve. For, from a known property of the circle, 



H7. If a point whose co-ordinates a 
ve must have the condition. Art. {Ti\ 



If the point ia without the curve, since its ordinate will be 
greater than the corresponding ordinate of the curve, we must have 
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If the point is witliiii the c 



If in equation (I), Ai-t 



y -- 



2y = '. 



ITcnce, if a point, as F, be talieu on. the axis of tlie parabola, at 
a distance from the vertex equal to one 
fourlk of the parameter, the double ordinate, 
or the chord, perpendicular to the axis at thit 
point, will he equal to the parameter of (Ae 

If F he the point and M any point of 
the curve, the right angled triangle FPM 

FM = ^W + Wl\ 







^^M^ 






^ 


, 
















^^ 



I'T = AP ~ AF . 



FM ^ ^{x - 'L) + t, 
ii squaring x ~ L^, and substituting for y' its value 



s/7' 



If PX ■{- i— :^ ^ 
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If from tie vertex A, wo lay off AB = 
perpendicular to the axis, we sliall have 



MO = 



BP . 



BA - 



: F5I. 



Hence, the distancD from any point of tlie curve to the line BC, 
13 equal to the distance from the aaiue point to the point F. 

This remarkable pi'operty ensbiea lis to define a parabola to be 
a carve, mch, that each ofitspcrmis is at the same distance from, a 
given, point and a given straight line. 

The given point, F, is called the foeus, the given line BO, tlie 
directrix, and a straight line drawn through the focus perpendicu- 
lar to the directrix, is the axis of the parabola. 

This property, also, gives another simple method of constructing 
the curve by points, when the directrix 
aad focus aie given Let BC be the di- 
rectrix anl F the toiU'i Through F 
draw FB perpend iculir fo BC, it will be 
tile axis. At an? point ct the axis, as 
P, erect a peipendicular, with the focus 
F as a centie, and radius BP, 
arcs cutting the perpendicular ir 
M' ; those mill be points of the i 



FM ^ 



BP = 



MC. 



The curve may also be constructed by a 
Place one side DC, of a right angled tri- 
angular rule DOE, against the directrix ; 
fasten one end of a string equal in length 
to the other side EO, at the point E, and 
the other end at the focus ; press a pencil 
against the string and rule, and as the rul? 
is moved along the directrix, the point of 
the pencil will describe the parabola ; for 
wo always have 



ZZ. 
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FM = MC. 



89. Let v', y' and is", y" be the co-ordinates of any two points 
of the parabola. SJnco these are points of the curve, tLeir co-ordi- 
nates will satisfy its equation, and give the two conditions, Art. (23), 



from which, omitting tlic 
proportion 



•ipx", 
niidtiplier 2p, \ 



oiitain the 



that is, ihe squares of ike ordinaUs of any iwo points of tke ci 
are proportional to the a 



90. Let x", y" be the co-ordinates of any point, as M, on the 
curve, and through this point conceive any straiglit line to ba 
drawn ; its equation will be of the forin, Art. {29}, 



II whlcli d is undetermined. Since the given point is on the 
ctirve, we must have the condition 



Subtracting this, member by n; 
bcr, from the equation 




{y + y'OC'/ - y") = 2p{^ — ^"), 

which is the equation of the parabola, with the condition intro- 
duced that the given point shall be on the curve. Combining this 
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wilb equation (T), by subatituting tte value of y — y"-, Uken 
from (i), we obtain 

{y + y") d{x - X") = 2p{x - X"), 

[(y + ^0-^ - 2p](* - ^") = (2). 

In wliicli X and y must Tepresent all the points common to the 
right line and curve, Art. (37). This ec[i3ation being of the second 
degree, there are two such points, and only two ; and the equa- 
tion may he satisfied by placing the factors separately equal to 
0. Placing 

a — a:" = 0, \/e have x ~ «", 

and this value in (1) gives y = y". The values thus obtained 
are the co-ordinates of the given point, which is one of the points 
common to the two lines. ]5y placing the other factor equal to 0, 



(y -!- y")d ~ 2p ^ (3), 

in which y must be the ordinate of the second point of intersection, 
M'. It' now, the right line be revolved about the point M, so as to 
cause the point M' to approach M, y in equation (3), becomes 
nearer and nearer equal to y", and finally, when the two points co- 
incide, we shall have ^ ^= y'\ the line will be tangent to the 
curve, and equation (3) reduce to 

1y"d =: 2p, whence ti = i- , 

y" 

which is tJie value d must have when the assumed line becomes a 
tangent. Substituting this value of cJ in (1), we have 
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whicli by the sTibstitiition of 2/;a:" for y"\ becomes 

yy" = p{x -\- itf') (4), 

foi' i}ie equation of a tangent line to the parabola at a given poii,l. 

91. If we multiply both nierabevs of the last equation by 2, 
and subtract the result, member by membei', fi'om the equation 
yii% ;_ 2px", 

y'<^ — tyy" = — 2px, 
adding y^ to both mombevs, 

y"^ — 2yy" + y^ ~ y^ — Ipx, 

[y" — yf = y^ - ^p^- 

The iirst member being a perfect sqnave, is positive for ail 
vahies of ^except y = y" ; 

if ~ 2p,r, 
is therefore positive foi' all values of y and a', except y ^ y"-, 
X = x", when it will be ; hence, since x and y are the gener- 
al co-ordinates of the tangent, all points of the tangent, except the 
point of contact, are mihout the curve, Art. (87), 

93. If in equation (4), Art. (90), we malie y = 0, we find 

0=2'(*+^"). or ^■= - *"' 
for the distance AT, to the point in 
which the tangent cuts the axis; 
hence, we have 

IT == TA H- AP = 2t . 
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Tlie distance Ff is called the auhtangeni, whicti, in. general, ia 
thb distance from the foot of the ordinate of the point offiontaci, to 
the point in which the tangent cuts the axis, to which t!te ordinate 
is drawn ; and in tlie parabola, is equal to double the abscissa of 
the point of contact. 

This property gives a simple melliod of drawing a tangent to a 
parabola at a given point. Let M be the point. From the vertex 
lay off, on the axis without the parabola, a distance AT, equal to 
the abscissa of the given point ; di-aw a light line from the ex- 
tremity of this distance to the point of contact, it will be the re- 
quired tangent. 



If the point M be joined with the focus F, we have, 
B8), 

¥K = X" ■\- I. 
3 

, since AT = ^', and A¥ ^i, 



hence, FM = FT, the triangle TFM is isosceles, and the angle 
FMT = Fl-M. 

Hence, if a right line be drawn from the focus of a parabola to 
the point of contact of a tangent, this line will wake an angle with 
the tangent equal to that which the tangent niahes with the axis. 
This property enables us to make the following constructions, 
Mrst. To draw a tangent to the parabola at a given point 
Draw a right line fi'im the point, as M, to the focus ; witJi this 
lino as a radiu'i and the focus as a centre, desciibe an arc cutting 
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ns 

tlie axis, without the curve, in a point, aa T ; draw a I'ight line 

from this' to the given point, it will be the required tangent, as the 

triangle MFT will be isosceles. 

Oi- otherwise, thus. Draw a right line through the given point 

perpendicular to th.e directrix ; join the point C, in which it inter- 
sects the directrix, with the focus, 
and tlirough the given point draw 
a right line perpendicular to this 
last line, it will be the tangent. 
For,, since MF = MC, the tri- 
angle CMF is isosceles and there- 
fore the angle FMT = CMT; 
CMT = MTF ; hence, 

FMT = MTF. 

Second. To draw a tangent fi'om a point without the curve, as 
N. Join the point with the focus ; with this distance as a radius, 
and the given point as a centre, describe an arc cutting the direc- 
trii in the points G and C ; through these points, draw lines par- 
allel to tlie axis, cutting the curve in the points M and M' ; join 
thrae points with the given point and we shall have the tangents 
NM and NM', For, since 

MF = MC, and NF = NO, 

the line NM has two of its points equally distjint from the points 
F and C, is therefore perpendicular to FC at its middle point and 
bisects the angle FMC. 

Let the co-ordinates of the given point N, bo denoted bj x' and 
y*. Since this point is on the tangent, we must have the equation 
of condition, Art (23), 

y'y" = P{^' + ^'") (1), 

and since the point of contact is on the parabola, we also have the 
equation of condition. 
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In these equations ■^' and y" are unknown, and since onft is of 
the first and the other of the second degree, their combiiialiosi 
win give an equation of the second degree, and there will be two 
values of x" and two corresponding of y". 

Combining these equations by substituting the value 



1p 
in the fii'st, we obtain 

ym _ .2y>y" = - 2px' ...(2), 

from which we deduce the two values 



The values of y" will evidently be rea!, whew 



y'i 



' > 0, 



that is, when the given point is without the cuvve, Art. (87), and 
there will be iwo to?ye»fo,ie appears by the geometrical construction. 

The values of y" will be equal when the point is on the curve 
aoJ there will be but one tangent. 

They will he imaginary when the point is within the curve and 
there will be no tangent. 

The corresponding values of .-c" being found, each set of co-or- 
dinates may be substituted, in eueoession, in equation (4), Art. (90), 
and the equations of the two tangents tht 

Third. To draw a tangent parallel to a given 
dace the line until it intersects the ajsis at S, ' 
centre, and the distance FS as a ra- 
dius describe an arc cutting the 
given line in R, join this point with 
the fociiK, the point M, in which tlie 
last line intersects the curve will be 
the point of contact, througli which 
draw MT parallel to the given line, 



Pro- 



;vith the focus aj 
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it will Le the required tangent. For, since MT is parallel to B 



Since the triangle FMT is isosceles, the line FD, drawn per- 
pendicular to the hase MT, ivill pass 
through its middle point; and since 
AT = AP, Art. (92), the line AD 
also passes through tie middle point 
of MT : Hence, if from, the foeiis of a 
parabola, a right line he drawn perpen~ 

dicular to any tasigmt, it will intersect this tangent, on the tangent 

at tJte vertex ; and conversely.. 

Since the triangle FDT is right angled at D, we have 




nr 



: AF 



: FT, 



and since AF is constant and FT = KM ; the square of the 
perpendicular FD, will vary as tlie first power of the distance from 
the focus to the point of contact. 



If in equation (1), Art. (93), 

f'j" = P{^' + *")■■■ 



...(1), 




variables, it will ho the equation of a right 
line, Art. (26) ; and since both 
values of x" and y" deduced 
from equation (2), Art. (93), 
must satisfy this equation, the 
line represented by it will pass 
through both points of contact, 
and will therefore be the inde- 
finite chord which joins these 
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poiiiti!. If any point as 0, bs taken upon this cliord, its co-ordinated 
which we ivill denote by c and d, when substituted for x" and jr" 
wili satisfy the equation and give the condition 

y'd ^ p{x- ^- c) ..,..{2). 

N"ow it is evident, that every set of values for a^ and y' which 
will satisfy this equation, will give a point fi-om which, if two 
tangents be drawn to the parabola ajid the points of contact toe 
joined by a chord, this chord will pass through the point 0, 
Hence, if y' and x' be regarded as variables in this equation, it 
will represent a right line eveiy point of which will fulfil the above 
condition. 

This line ia called the polar lino of the point O, which is called 
Ihe pole. 

If through the point 0, a line bedimn pnallel to the axis AX, 
the ordinate of the point in which it intersects the curve will be 
equal to d, and the equation of a tangent to the parabola, at this 
point, ivil! be, Art. (90), 

. yd ^ p{x ■^ :e"), , 

and this tangent is evidently parallel to the line represented bj 
equation (2), that is to the polar line, Art, (28), 

If the line OA' be further produced till it intersects the polar 
line in S", the ordinate of this point will be d, which substituted 
for y' in equation (l), will give 

y"d = plx + .-c"), 

for the equation of the chord 'corresponding to this point IST, and 

this is parallel both to the polar line and tangent. 
These properties give the following constructions : 
1. The pole being given, to construct the corresponding polar 

Through the pole draw a line parallel to the axis of the para- 
bola : at the point in which this intersects the curve, draw a 
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tangent ; through the pole draw a chord parallel to this tangeat, 
and at its exti'emity draw another tangent ; through the point in 
which this intersects the line first drawn, draw a line parallel to the 
chord, it will he the polar line. 

2. The polar line b«ing given, to construct tlie pole. 

Draw a tangent pai-allel to the polar line ; through the point 
of contact draw a line parallel to the axis ; from the point irt which 
this intersects the polar line, draw another tangent ; through the 
point of contact thus determined, draw a chord parallel to the 
polar line, it will intersect the line pat-allel to the ash in the re- 
quired pole. 



90. rf the focus ho taken aa the pole, the co-ordinates of which 

d = 0, c=l^, 

2 

equation (2) of the preceding article reduces to 

y* idng indeterminate, which is the equation of the directrix, Art. 
(21). The directrix is then the polar line of the focus. Hence, if 
wnnj chord he drawn ilirough the focus of a parabola and two taiir- 
gents he drawn at its extremities, these tangents mil intersect an the 
directrix. 



97. If in the general equation of a right line paasintj through 
a given point. Art. (29), we substitute for x' and f, the co-ordi- 
nates of the focus, we shall have 
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fo tile e unt n of any chord passing flrough the focus. Com- 
b n ng th th tlie ec[uation of tlie parabola, fP := Ipx, by 






Denoting the two roots of this equation by y' and y", we have 
from a well knowa principle of Algebra, 

y'y" = - P\ 
and \id and d' denote the tangents of the angles made with the 
axis, hy two tangents drawn at the extremities of this chord, we 
have. Art (90), 



or Buhstitutiag for i/'>/" the above valne, 

dd' = ~ I, or dd' + 1 = 0. 

Hence, Art. (%^),if at the extremities of a ckm-d passing through 
the focus ofaparabola, two tangents he draton, llmj -will be perpert- 
dicular to each other, and intersect on tlie directrix, Art. (96). 

And conversely, if two tangents to the parabola are perpendictilar 
to each other, the chord joining their jmmts of contact will paxii 
through tlie focas. For, let S'M and 
S'M" be the two tangents. If the 
cliord MM" does not pass through, the 
focus; through, the focus and the point 
M, draw MM' ; at M' draw tie tangent 
M'S. From what precedes, it must 
be perpendicular to MS' ; hence, SM' 
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IIS indbteruinate: 

and S'M" must ba parallel. But since tiie tangent of the angle 

which a tangent to the parabola makes with the axis is S- , Art. 

y" 
(90), no two tangents can be parallel, for no two points hare equal 
ordinates. It is then absurd to suppose that MM" does not pass 
through F. 

98. Thi-ough tbo point of contact of a tangent, lot any other 
straight line be drawn, ils equation will be of the form, Art. (2D), 



\i this lino is perpendicular to the tangent, we must have, Kt 
(28), 

dd' + 1 = 0, or d' = - A, 

But, Art. (90), 



Substituting this inequation (1), we have 
!, - y" = - >C(x ^ ,,") 



for the equation of a straight line perpendicular to the tangent at 
ilie point of contact. This line is called a normal. 
If we make y = 0, in equation (2), we have 

- y" = - t{, _ ,■% 
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ill which, X is the distance AR from tLe 
which the normal intersects the axis, and 

x — x"=A'R-AV = Tli=r- p. 

The distance PR, from tho foot of the 
oi'dinate of the point of contact, to tlie 
point in which the norma! cuts the axis, is 
called tlie subnormal. Hence, the subnor- 
mal in the pai'ahola is constant and equal to half the /xiramctei- of 
the curve. 

This property enables lis to construct a tangent at a giren point. 

Draw the ordinate of the point ; from its foot lay off a distance 
equal to one half the paj-ameter ; join the extremity of this dis- 
tance with the given point, through -which di'aw a pei-poiidicular 
to the last line, it will be the required tangent. 



REFEllllKIJ 



98. It was ohserved in Art. (71), that two classes of propoai- 
fions might arise in the transformation of co-ordinates. As an ox- 
ample of the second class, let it now be proposed to ascertmn if 
there are any other co-ordinate axes, to which if the parabola be 
referred, ite equation will be of tiie same form as when referred, to 
its axis and the tangent at its vertex. 

For this purp(»e, let ws'tako tho general formnlas (3), Art. (67), 

X = a ^ x'ca^a + y' cos a', 
y = b + a-.' si!i CI. "+ y' sin a', 
and substitute the values of x and y in the equation 

V"" = '^P" 0)- 

We thus obtain 
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fe= + 26a' sin a + x"' ain^ k ■]- 26y' sin a' + 2k')/' sin a sin cf 

+ y'* sin^ a' = Spa + 2pa:' cos a, + 2jjy' cos a', 

oir transposing^, wranging and oinittiBg the dashes of the variahlea, 

1/^ sin' a' + a'' sin' a + 2s)/ sin a sin a' 

+ 2(SsinK'— pcostt')y + 6'— 2^ja = 2(pcosa — 6 s)iia)a-...(2), 

which is fie equation of the parabola referred to any oblique axes. 
In order that this equation shall be of the same form as eqnaijon 
(1), the absolute term, in the first member, and the terms coaUua- 
ing a^, xy, and y, must disappear, which requires that 

6" — -ipa — (3); 

^-^- = (4); 

--i^si"-' = (.'■'); 

These equations cont^n four arbiti-ary constants, it is therefore 
possible to assign such values to the constants as to satisfy the four 
equations, and thus reduce equation (2) to the proposed form. 

Equation (3) ia the equation of condition that Ike new origin 
shall he mi Ike curve, Art. (87). 

Equation (4) can only be satisfied by a = 0, or = 180"; 
hence the new axis of X must he parallel io the axis of the curve. 

Equation (6) is satisfied by sin a = 0, without introducing 
any new condition. 

Equation (6) can be put -cder the form 

E!!L1 = tang =1' = ^ , 

and tb nfoi in (90), expresses the condition that iJie new axis 
n/Y iknil be iaiiqent to the curve. 
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Since we iiiive thus far introduced but three indopendent <»ii- 
ditiona, and since a, h and a! wrn atill undetermined, we may assign 
a vfilu t \ leasu s to either of t5iem, whence the other two will 
become Jtnown an I an. infinile number of sets of co-ordina/e axes 
be thu It n 1 which will fulfil the required condition', 
each of 1 1 11 be subjected to the three conditions espcessed 
by equal on (3) (4) and (6). 

Snbat t t Dj, the 1 ove conditions in equation (2), aud observing 
that, since sin a = 0, cos a — 1, we have 



,..(!), 



ir, denoting the coefBcient of x by 2p' 

'f = 2^* 

n equation of the same form as (1). 

100. Solving tlie last equation with reference to y, \ 



and we see, as in Art. (85), that every positive value of x, gives 
two real values of y, equal with contrary 
signs, and that these two values taken to- 
gether fonn a chord, aa MM', parallel to 
the aids of Y, which cbord is bisected by 
the. axis of X, at P. The hue A'X is 
therefore called a diameter of tl 
and, in general, any straight line tahick bi- 
sects a system of parallel chorda is a diameter, of the curve in which 
the chords are drawn. The points in which a diameter intersects 
the curve are called the vertices of the diaiTteter. 

Since condition (4) of the preceding article requires the new 
axis of X to be parallel to the axis o£ the curve, it follows that all 
the diameters of the parabola are parallel to eac) other. 
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Since ciiiidition (6) requires the new axis of Y to be tangent to 
tlie curve at the origin, it also follo^va that each diameter bisecls a 
system of cjiorda parallel to the (anffenf at iU vertex. 

If the parabola is given, traced upon paper, a diameter may be 
found by drawing any two parallel chords as MM' aad bisecting 
them by a straight line as PP ; this line will bo a diameter. 

Draw any two chords perpendicular to tbis diameter and bisect 
them by a straight line, this will bo 
the axis, Art. (85). At the vertex 
of the fii'st diameter, A', draw a line 
parallel to the chords whicli it bi- 
sects, it will be a tangent to the 
curve.' At the vertex. A, of the 
parabola, draw a line perpendicular 
to the axis, it will also be a tangent. 
At the point D, where tliese tangents intersect, di'aw a perpendi- 
cular to the first, it will intersect the axis in the focns F, Art. (94). 
The property, that each diameter bisects a system of chords 
parallel to a tangent at its vertex, suggests the following construc- 
tion for drawing a tangent parallel to a giren Une, as BC. Draw 
two chords parallel to the given Ene ; bisect them by a straight 
line PP, and at the point A', where this intorsecfa the curve, draw 
a line parallel to the given line, it will be tbe required tangent. 




101. The eoeffioieut 2p' in equation (7), Ait. (99), is called the 
parameter of the diameter A'X, and, as in Art. (84), is a third 
proportional to any ordinate and its corresponding abscissa. 

If we represent the distance FA' by r, and recollect that the 
angle FA'D = FTD is denoted 
by a', Art. (99), we shall have in 
the right angled triangle FDA' 

FD = rain a'. 
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Butweaiso have, Ait, (94). 

Fi>^ == FA X FA', or FD* = ^ r. 

Eijuating tliese two values oiVXf, we have 

r^ siu^ a' ^ -L r ■ whence sin^ h' = ^ . 

2 2r 

Suhstitiiting this vahie of sm' a', in the expressioi!, Art. (09), 
!t reduces to 



that ia, ike paramour of any diameter of the parabola, is equal fa 
four times the distance from the vertex of the diametvr to tlie focus. 



103. Leta^' and y" be the co-ordinates of any point of the 
parahola referred to the diameter A'X 
and the tang-ent A'Y, The equation of 
a right Hne passing through tjiis jwint 
will be 

V - V" = d{z - «'% 

in which d will represent the ratio of the 

sinpa of the angles which the line makes with tlie co-ordinate 

aies, Art. (20). 

By a process identical with that pursued in Art. (90), we caa 
find the valne ot(l, when the line becomes a tangent, and thus de- 
duce tte equation of the tangent^ 
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By making y = 0, 



we find 

= - a:" = AI, 



bence as in Art, (92), fie subtaiigent PT, ts equal to tmce the ab- 
scissa of the point of contact. And a tarjgont may ba (liawn at a 
given point \y drawing tlie ordinate MP, of the jiomt, pai lUel to 
the axis A'Y, laying otF the distance A'T "quil to the tbsuss.i 
A'P, and joining the estveraity of this distance intli the given 





'-—-z^ 








i 


« 


^..--^ 






r==-^ 


I' 


— 



103. Let AM bo an arc of a pai-abola, in which inscribe any 

polygon, as AM' MP. At the points M, M', &c., draw the 

tangents MT, M'T', &e. 
Through the middle points 
of the chorda MM', &e,, 
draw the diameters KS, 
ll"S', &c., and draw the 
ordinates MP, M'P', &c. It is evident that for each chord there 
will be a trapezoid, as MM'P'P, within tlie parabola, and a corres- 
ponding triangle, as OTT', without. 

Since the points of contact M and M', when referred to the di- 
ameter ES and tangent line at its vertex, have the same abscissa 
VE, the subtangent will be the same for each, Art. (102), and the 
two tangents MO and M'O will intersect tic diameter VS, at the 
same point O ; hence the altitude of the triangle OTT' will be 
equal to the line RR', drawn through the middle points of tlio two 
inclined sides of the trapezoid P'M'MP ; and since, 



AP = AT, 



and 



AP' = AT', 
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a of tlie trapezoid, wliich is measured hy 

mv X PP', 
area oi' tho triangle, whicli is measured by 

hlli' X TT'; 



and BO for each ti-apezoid and corresponding tiiangle, and tl 
of all the interior trapezoids will be double the sum of the corres- 
ponding triangles. 

If now, the number of sides of the polygon be increased indefi- 
nitely, the sum of the ti-apezoids will bo the same as the curvilin- 
ear area AM'MP, and the sum of the triangles the same as the 
exterior ai'ea TMM'A ; hence the first area is double the second. 
But the sum of these two areas is equal to the area of the triangle 
MTP, therefore 

AM'MP = -MTP. 

But since TP = SAP, we have 

triangle MTP = rectangle ALMP. 

Therefore, the area of a portion of the parabola is egiutl to two 
thirds of the recUmgU described tm, tJte ordinate and dbsdssa <^ the 
extreme 'point. 



OF THE POLAR EQUATION OF THE 1 

1.04, Let lis resume the equation 

and substitute for y and x, their values taten from the formuks 
(2) of Art. (09) ; 

I = «' + r cos V, y = b' -\- r sin v. 
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We thus obtain 



: 2p{a' 



/'sin'ii + 2{b'smv — pcos,v)r + b'^ — 2pa' = (1), 

wluch is the general fdlar equatiim of the parabola, Art, (69). 

By assigning particular values to a' and 6', tlie pole may be 
placed at any point in the plane of the curve. 

first. If it he required that the pole shall be on the curve, we 
must have, Art. (87), 

6" — 2pa' = 0, 

and equation (l) reduces to 

[r sin* V + 2(6' sin !i — ^ cos J')])- — 0, 

which may bo satisfied by placing )■ = 0, oi' 

^■siii=« + 2{b'^mv — pcosv) = (2). 



Since tlie pole is on the curve, as at P, it is evident, that one 
value of r should he 0, whatever bo the 
value of V ; and that the other value, de- 
duced from equation (2), should, aa ji is 
changed, give the distance of each point of 
the curve from tlie pole P. 

If the point M is moved along the curve 
until it coinddes with P, the second value 
md equation (2) will reduce to 

6' sin y — p cos !) = 0, 
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as it should, Art. (00), since the radius vectoi' will now eoiiioide, 
ia direction, with the taDgent PT. 

Second. If the pole be placed at the focus, we must have 

a' = .£, h' = 0, 

2 

and these values, in equation (1), give 

r= sitt« V — 2p cos vr — p^ = 0, 

and after transposing' p' and dividing hy sin^ v, 

,3 2p cm V p^ 



Solving thia equation, ive have 



.\ A''"-! + 



") _ pcos-v ± P 



ince sin^ v + eos^ v = I. 
As the cos V must he less than radius or unity, we hav 



and the second value of r is always negative, and must therefore, 
be rejected. Art. (09). The first value may be placed under the 



Hosted byGoogle 



Bin=« = 1 -~ CO.,-. = (1 + co>.)(l - coi,), 
it may be still fuithor reduced to 



which 13 positive for aE values of v. 



and tlie value of r l>ecoinea 





and the radius vector takes the direction AX, and gives that point 
of the curve which is at an infinite distance. 

li V = 00°, cos a = 0, and the value 
of r becomes 

}- ^= » =^ FM. 




TliTis by varying v from to 300", all the poiubi of the para- 
bola may he determined. 

If we wish to estimate tie vaiiable angle from the line FA, to 
the right, instead of iu the usual way, from the line F£ to the 
left, we have simply to change v into ISO" — v', in which 
case cos v ^ — cos v', and the value of r, equation (3), he- 
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OF THE ELLIPSE AND HYPERB0L4. 

106. We have seen, Art. (83), that tlie cq^uation 

yS =: j'^.T^ -j- 22>3:, or >/'' = 'Zpx + )%' (1), 

represents tlie ellipse when r" is negative, and the hyjicrbola whtin 
it is positive. 

Tliis equation being of Ibe second degree, the ellipse and hyper- 
bola are both lines of the second order, Art. (33). 



hence the axis of Y is tangent to each c 
ordinates, Art. (34). 

If we make y =^ 0, wo have 



which may be satisfied by making 



hence each of the curves intersects the axis of X in two pointa, 
(K)e at the origin, and the other at a distance from it equal to 
2p 

Noiv let us transfer the origin of co-ordinates, to a point on the 
axis of X, at a distance — ^ , equal to half the distance from 

the origin to the second point in which the curve cuts the axis; 
the new axes being parallel to the primitive. In formulas (2), ol 
Art. (67), we must then have 
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a- = - Z., S' = 0, 

and tlie formulas become 

X = x' ~ L., y ^ V'- 

Snbstitutmg these values of x and y in equation (1), we iiave 

or rcdudng and omitting the dashes, 

,/ ^ ,.■^^■1 ^ ^ (2). 

If in this we maiie y ~ ^, wo have 

'- = I (8), 0' - = ± ^; 

hence, each curve now intersects the axis of S in two points, one 
on the right and the other on the left of the oiigin, at equal dis- 
tances from it. 

If ic = 0, we have 



P^ 



■W^. 



and these values of y will be real for the ellipse, and imagiuaiy for 
the hyperbola ; hence, the ellipse intersects the axis of Y in two 
points, at equal distances from tte origin, one above and the other 
below the axis of X ; and the hyperbola does not intersect the axis 
of Y. 

Giving to (^ its negative sign for the ellipse, expressions (3) and 
(4) will be essentially positive, and we may write 



cibyGoogle 



from wltioli, by tlcduoing tlie values of '^^ and equating them, we 

..,. ^ _ ,.i. „, ,. , _ »1; 

and substituting this in eittier of the above equations, we find 
^= = — , or ^ = — . 

By the substitution of these values of r^ and p* in equation (2), 
and reducing, we have ih& equation of Ike ellipse, 



For the hyperbola — 2_ is essentially negative, ive must 

then place it equal to — i', whUe the expression for a* will remain, 
unchanged. If then, in the above equation, we simply change 6' 
into — ■ h^, we obtain the equation of t!te hyperbola, 



,..(*). 



Furthermore, it is evident from the preceding discussion, tibat 
any expi'esaioii containing b, belonging to the ellipse, will become 
the corresponding one fov the hyperbola, by changing 6* intci 
— b", or 6 into 6 V — I- 



iOS. Solving equation (e) with reference to 'j, we have 
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ss l)isected by the 
to the line AB. 



^ery value of a^ numerically less than a, wliother positjve 
two real values of ij equal with contvaiy signs : 
Ileneo, C being the origin, CX and 
CY the axes of co-ordinates, iiad 
CB and CA each numerically equal 
to a, the curve is continuous be- 
tween the points A and B ; and 
since each set of the equal values 
of y forms a chord as MM', which 
of X, the curve is symmcti'ical with respect 




hence the ordinates at the points A and B, when produced, . 
tangent to the curve. And as every value of a" numeiicaljy grea 
than a, positive or negative, gives imaginary values for y, th. 
&re no points of the curve without the tangents at A and B. 
y ~ gives 



zb c( = OB c 



CA; 



e the line AB bisects a system of chords perpendicular to 
,n axis of the curve, Art. (85), and A and B are its vertices. 
gives 



: zt h ^ CD < 



CD'. 



Any numbev of other points of the curve may be constructed 
by^ assigniijg vaJues to « in equation (1), deducing and construct- 
ing the corresponding values of y, and the curve in form and po- 
sition will he as in the last iigure. 

If equation (e) be solvtd with rtfeience to x, ive haro 
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&o"in which it may be shown as above, that the curve is symme- 
trical with respect to the axis of Y, and docs not extend beyond 
the tangents at D and D', and that the line DD' is an axis of tiia 

The (Iciinite portion of the line AB, included within the ellipse, 
is called the transverse axis, and the portion DD', th^ conjugate 
axis; the traasTerae axis being the longest of the two. 

Tlie point C, in which the axes intei-aect, is the centre of the 
ellipse. 

The vertices of the transverse axis are also called ike vertices of 
the curve. 

Eijualion (e) is called the equation of the ellipse referred to its 
centre and axes ; in ivhidi a represents the semi-transTerse, and 6 
She semi-conjugsite axis. 



lOT. If we solve equation (A), Art. (105),, with reference to if. 



-.(x^ . 



a^), 



in which every valne of a: nnmerifially 
negative, g^ves imaginary values \ 
ofy; Hence, C being the ori- 
^n, OX and OY the axes of co- 
ordinates, and CA and CB each 
numeneilly cqnal to a, there 
are no jMnnts ot the curve bo- y^ 
tween A and B 



hence, the ordiiiates at the points A and B, when produced, ; 
taugent to tlio oiirve. Every value of a: greater than a, positive 
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negative, gives two real values of y equal witli contrary signs ; 
hence, tha curve is continuoua and extends to infinity in botli di- 
rections beyond the points A and B, and is symmetrical with re- 
spect to the axis of X, 
y = gives 

a = i: a = CA or GB, 

and since the line B A produced, biscefs a system of chords perpen- 
dioular to it, it is an axis, and the definite portion BA = 2a, 
included between the points A and 13, is called ilvi transaerse ims 
of the cui've, the points A and B being its vertices or the imiice^ 
ofHiemrve. 
a = gives 

hence, the cuive does not nte 'sect th a is {\ 

A sufficient numbpr ofthptl n,tutlf th 

equation, the curve mir b di w th fi th t 

blanches being erpial, sn 1 f 1 h m Ily 

etiuol with contrary signs OP dfP th m ! 

If equation (/t) be solved with reference to «, we have 



in which every valm of y gives two real values of w, equal with 
contrary signs ; hence, the line CY is an axis of the curve. This 
tine, as seen above, does not cut the hyperbola, but if we lay off on 
tt from C, distances above and below each equal to S, the portion 
DC = 26 is called the ccmjugato axis, the point C being the 
centre of the hyperbola. 

Equation {h) is called the equation of the hyperhola. re/erred to 
its centre <md axes, in which a and b represent the serai-axes. 
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general, in the. eqius- 




108. If in equations {e) and {h), and 
tion of any curve, we change a; into y 
and y into x, the effect is to change the 
line ivMch at first is regarded as the 
axis of S, into the axis of Y and the 
converse ; or if the axes are at right 
angles, to revolve the curve 90° ahout 
the origin. Thus if the equation 



represents the ellipse as indicated by the full line, the equation 
■will represent it as indicated by the broken line. 

109. If a point is on the ellipse, its co-ordinates must satisfy 
the equation of tlie ellipse, Art. (23), and we most have 

a^yi + 6^^:= - 0,%"^ = 0. 

If the point is ivithout tbe ellipse, y will be greater than the car- 
responding ordinate of the ellipse. Art. (37), and we have 
ah/ + Jfix^ ~ aW > 0. 
If it is within the ellipse 

ah/" + 6=.i:' — d^i' < 0. 

110. The corresponding conditions for the hyperbola, by 
ohan^ng, in the above, b^ into — 6*, Art. (105), will be 

ah/ — h^x^ + a^b" = 0. 

a!j,2 _ ^2^2 ^ a^i' > 0. 

a"/ ~ £%■' -(- a=S= < 0. 
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111. If a — h, tlio axes of tlie ellipse are etjual, and eq^ua- 
Uoa (f) liecomes 



which is the equation of a cirelc, the radius of which is equal to 
fflther seroi-axia, Ait. (35). 



112. Under the same supiiosition, equation (A) 
snd the curve is called an eqwilaUral hyperbola. 



113. Tf through the centre of an ellipse any right line be 
drawn, its equation referred to the 
axes CX and CY, will be 







...(!,) 



in which d' represents the tangent 
of the angle which the line makes 
with CX, Art. (24). 
Combining this with equation (e), by substituting for y* its value 
<?«te», we obtain 

whence, for the abscissas of the points of intersection, Art. (2'!), 
we have 



and hy the substjtution of this in equation (l), 
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Since these values of v and y are real for every v.ilue of A\ it 
follows tliat whatever be the position of the line CM, it will inter- 
sect the ellipse in two points ; and since tlia co-ordinates of these 
points are equal with contrary signs, they will be on opposite sides 
of the origin, and at equal distances from it, as at M and M'. 
Hence, every atraiffht line passing tkroiigk the centre of an ellipse 
and terminated by ike curve is bisected at the centre. 



114. If in the above expi-essions we put — i' for li\ the 
responding values for the hyperbola are 



V d-'-^a' — 6^ 
e real, whenever 
d'^a^ _ 62 <; 0, 



"a/= 



< 



that is, wbenever d', either positive or negative, is numGiieally less 
than — , the line will cut the hyperbola in two points and be bi 
secfed at tlie centre. If 



the values are both infinite, and the points of intersection are at 
an infinite distance from 0. If 



d' > . 



the values are imaginary, and the 
line will not intersect the curve. 
Hence, if at the point A, we erect 
tlie perpendiculai-3 AE and AE', 
each equal to b, and di'aw the 
lines CE and CE', these lines wiU 
just limit the curve, since 




db,Googlc 



IBDBlT.ttMINATS: GKOMKTBY, 



tang ACB = d' -. 



U5. If WG multiply both members of the expression j5 - 
Ai't. (105), by 2, we have 



which as in the parabola, Art. (84), is called the parameter, and 
gires the proportion 

o, : h :: 2h : Zp, ■ or 2a : 2i : : 2h : Zp. 

Hence, the parameter of the ellipse or hyperbola in a third pro- 
portional to the transverse and conjugate axes. 



116. If in equation (e), wo sutetitiite for y tbe expret 
we find 



and conversely, if citlier of these values be substituted for .r, we 
shall find 



from which we see, that there are two points on the transverse 
axis of the ellipse, at which, if an ordinate be drawn, it wilt be 
equal to one half the parameter of the cnrve ; hence, the double 
ordinate, or the ehoi-d perpendicular to llie transverse axis, at each 
of these points, is equal to the parameter of the carve. 
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Tiiese points are called ike foci of the ellipse, and may be c 
structfld thus : With either extremity of ,^ 

the eoBJugate asis as » centre, and the 



A 



li-traosverse axis as a radius, describe a 
arc, the points in which this arc cuts tke 
ti'anaverse axis will be the foci. For in 
the right angled triangle DCF or DCF', we have, Art. (4), 

Cf = CF'i' = 8^ - b\ CF - OF' = zb -V^- 



117. For the hyperbola, the values of x, in the preceding 
article, become 

,r = ± V^^"+T= (1), 

either of which substituted in eijuation {K), will give 



and the poinia determined ou the transveree axis, by laying oif tho 
above values of x avo the foci of the hyperbola, and may lie con- 
strucfed thus : At either vertex of 
the hyperbola erect a perpendicu- 
lar equal to h ; join its extremity 
with tlie centi'e ; with the last line 
CE, as a radius, and with the 
point as a centre, describe an arc ; the points in which this arc 
cuts the transverse axis produced, will be the foci. For we have 

of' ^ CE' = a^ + i=, OF = OF' = ± V^ + hi. 

118. The distance from the centre to either focus of the ellipse, 
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divided by tlic somi-transvevse axis, 33 called ilie ecceniricily of the 
carve., the expression, for wliieb is 



\i a := h, this reduces to ; hence, ttc eccentricity of a drde 
is nothing, and the foci are at the centre. 



119. The expression for the eccentiicity of aa hyperbola, i 



which, when a = 6, becotnes for the equilateral '. 
Art (112), 



'(20. if we denote the distant CF by c, and the distance from 
any point of the ellipse, as M, to the focus 
__^-^-- ■^' ^7 ''' '^° gener^ expression for the 
_/i\ squai'e of this distance will be, Art. (17), 



r= = (^ - x'Y + {y - y'Y, 



whencft 



M,iii3 tliis, \ij the substitution of the values 
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and extracting the square root, 

using the plus sigii of tlie root only, as we reijuire merely tJie ex- 
pression for the length of FM. 

Since CF' ^^ — c; if in the above expreBsion (1), we put 
~ e for c, we shall evidently obtain the distance F'M, which wa 
denote bv *' ; hence, 

'■ = <• + ^ (2). 

Adding oquations (l) and (2), member by member, we have 

J- + !■' = 2a; 

hence, the sum of the distances from any point of the curve to the 
two foci is equal to l/te transverse axis. 

This remarkable property enables us to define an ellipse to be, a 
em-ve such, that the sum of ike distances, from any paint to two fixed 
points, in always equal to a given liiie. 

It. also g^ves the following eonstnictJon, of the curve by points, 
the foci and transverse axis being given. 
Divide the transverse axis into any two 
parts, the point of di\'ision being between 
the two foci, as at E ; with one part I 
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as a radius, and one focus F, as a centre, describe an ai'c ; with tbe 
other part AM, as a radius, and the other focus as a centre, describe 
a second arc ; the points of intersection of these arcs will be points 
of the ellipe. For we have 



FM + F'M = EB + AE : 






The curve may also be constructed by a continuous movement, 
thua : Take a thread, in length equal to the transveMe axis, and 
fasten an end at each focus ; press a pencil against the tbread so 
as to draw it tight ; the point of the pencil as it is moved around 
will desciibe the ellipse ; for the sum of the distances, from this 
point to the foci, is always the same and eqnal to the transverse 



121. If F and F' ai-e the foci of the hyperbola, and the dis- 
tances FM and F'M be denoted by r and r', we may deduce ex- 
pressions (1) and (2) of the 
preceding article, by chang- 
ing b' into — 6'', the only 
effect of which will be to 

stead of Va* — 6^, and 
must be greater than a, Art. (107), 

for the nu- 




of the 
greater than a, and tlie expi 



will be 



'■ = =-- « (.')■ 

The form of the expression for /' will remain irachanged ; hence, 

'■' = - + " (*)■ 
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Bubtractiiig the firat of these torn the second, we Lave 

hence, the difference of ike distances from any. point of the carve to 
ike two foci, is equal to tite transverse axis ; ami the hyperbola may 
be defined to be, a, curve mek, that the difference of the distances 
from, any point to two fixed points is equal to a c/iven lim. 

The curve may be constructed by points thus : "With one focus 
F' as a centre, and any radius F'E, greater than the distance to 
the farther vertex, describe aa are ; with the other focus and a 
radius FM, equal to the first radius minus the transverse axis, de- 
scribe another arc ; the points of intersection will be points of the 
curve. For, we have 

F'M — FM = 2*. 

It may also he constructed by a continuous movement. Take a 
rule of sufflcieat length as F'L, and fasten one end at the focus 
F' ; at the other end of the rule fasten one end of a string shorter 
than the rule by the transverse axis ; fasten the other end of the 
string at the other focus, F ; press a pencil against the string and 
rule ; as the rule revolves about the focus F', the point of the 
pencil will describe the branch AM. For, wo have 

FL — 2a = FM + ML, 



F'L — ML ~ FM = 2a; 
hence 

F'M — FM = 2«. 

By placing the end of the nile at F, the other bcancb may I 
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122. By a reference to equations (l) and (2), Art. (120), I't h 
seen tliat i/te dislame from ani/ point of the curve to either focus is 
eicpressed rationally in terms of its abscissa. 

This remartable property of the foci is possessed hy no other 
points in the plane of the curve. For, if there is any other point, 
iet its co-ordinatefi he x' and y' ; x and y denoting the co-ordinates 
of any point of the curve. The square of the distance from x, y, 
tea', y\ Art (17), is 

D^ = {a^ - o^r + {y - y'Y, 

or squaring x — x' and y — y', and substituting for y its 



+ J=q= ^y'JL^^ 



' + y'- 



It is evident that the value for D can not he rational, in terms 
of X, unless the term containing the radical disappears. Bnt this 
can not be unless y' = 0, that is, the required point must be 
on the axis of X. Substituting this value for ji', D% after changiug 
the order of the terms, becomes 

D= = (6^ + *'=) _ 2aM;' -!- -l-~ ^' x\ 

Now no value of x' can malte this expression a perfect square 
unless it makes the firat and last terms pei'fect squares, and twice 
the equareroot of their product equal to the middle term, that ia, 
we must have 
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mil n^ being two perfect square. From tJic last expreasioii 



in which, substituting the value of n^ taken, froiii tV.e second, wh 

™ ^ o,^ - 6' ■ 
Substituting this in the first, we have 

+ " = „. „ li' 

which can bo satisfied for no vahies of *■', except 

a;' = ±2 Va' — i', 

the abscissas of the two fooi. 

In a similar way it may be shown, tliat the foci of the hyperbola 
and parabola alone possess the above named property. 



133. If ia equation (ft) we substitute 6 for ';/, we deduce 

therefore, the abscissa of that point of the hyperbola, whose ordi- 
nate is equal to the senii -conjugate axis, is equal to the diagonal 
of a square, the side of which is 
the semi-transverse axis. Hence, 
the curve and transverse axis 
being fciven, tbe conjugate axis 
may be constructed thus : At the 






A' 



erlex A, creot a perpendicular AR = a ; join tlie extremity 
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with tlie centre ; with C as a centre, and CE as a radius, describe 
an arc cutting the transverse axis in 0,at which erect the ordinate 
OM ; it will be equal to the semi-conjugate axis. For we have 

CO = CR = CA -1/2 = a Vs. 



124. If the values 



Art. (105), l>e substituted in equation (1) of the same article, 
giving to *■', first the negative and ihsn the positive sign, we ob- 
tain the two equations 



J. = JC (2a, + ...)... 



which are the equations of the ellipse and hyperbola referred to 
the axis and principal vertex A. See figures of Arts, (106), (10'7). 



125. Let a', y', And x", y", bo the co-ordinates of any two 
points of the ellipse. These co-ordinates, when aubstitut-ed for le 
and y in equation (e), must satisfy it, Art. (23), and give the two 
equations of coaditiou 



-■-A<^-^~ ^^) (1), ;/- = ^(a=-.0- 



IMvii^ng tlie first by the second, raembor by member, we hava 
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whence, wo dcduco tie proportion 



But 



: AP, 



: - X- = PB, 

! - 3!" = P'B. 



— jM 



MP : MT' 



; AP ; 



PB : AP' 



PTJ; 



that is, the squares of the ordimttes of any two points of the ellipse 
are to each other as tlie rectangles of the segments into which they 
divide the transverse axis. 

For the circle, a ^= i, and equation (l) reduces to, Art. (36), 

,.. = „. _ y> = (o + ,,■)(. - ,■). 



126. By using equation (S.) and pnrsuing the same method ua 
in the preceding article, we shall find for the hyperhok 



(^/ + a){x' -a) : (,r" + «)(;." - a). 



MF 



M'P' 



AP X BP : AP' : 



that is, the squares of the ordi- 
nates of any two points of the 
hyperbola, are to each other as ike 
rectangles of the distances from 
the foot of each ordinate to the 
vertices of the ewrve. 
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327. If with the centre of the ellipse as a centre, and CA = a 
'- """""~---Jvr ^ -^ radius, a circle be described, its equa- 

tion, Art. (Ill), may he pnfc under tlie 



FTB Y^ = a^ - a:^ (1), 

in wMeli Y represents the ordinate of any 
point of the civcle, as MT. From epilation (e) we have 



r = "Lia' - „•) (2), 

in which, if « have the same value as in equatioa (1), y 'wil! repre- 
sent the ordinat« MP, of the ellipse. Dividing equation (2) by 
(1), member hy memher, we have 



that is, if a circle be described on the trai 

BJi!/ ordmnie of the circle will be to the corresponding ordinate of tke 

ellipse as ilte semi- transverse to the semi^conjuijate axis. 

If with C as a centre, and CD = h as a radius, a drcle bo 
described, its equation may be put under the form 

X" = S- - !/' (S), 

in which X represents tto abscissa of any point of the circle as 
EN'. Tl we obt^ tlie value of x' fi-oiii equafioa {e) and divide 
by equation {3), we may deduce the proportion 



circle be described on the conjugate axis of i 
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1 of the cirele, mil be to th 

e to the semi-transverse o 



( of Hie 



ellipse as 

From tlie first of the above proportions, it appears tliat the oiv 
dinate of any point of the circle descriljecl on tho transverse axis, 
is greater tlmn the corrftsponding ordinate of the ellipse ; henc«, 
all the [Mints of this cirale are without tbe ellipse, except tJie vei'- 
tices A and B. 

. From the second proportion, it also appears tLat every point of 
the circle described on the conjugate axis is within the ellipse, ex- 
cept the vertices D and D'. 

We also conclude, that of all str^ght lines, passing through the 
centre, and terminating in the ellipse, the transverae axis is tJie 
longest, and the conjugate the shortest. 

Upon the above properties, the following constructions of tlie 
ellipse depend. 

Mrst. On each of the axes as a diaioeter, describe a circle ; at 
any point of the transverse axis, as P, 
erect a perpendiculai' and produce it, till 
it meets the outer circle in M' ; join this 
sith the eenfre by the hae M'O ; 
e point E, where this line meets 

.er circle, draw a line parallel to the transverse axis, the 
1 which it meets the perpendiculai- will be a point of the 






the i 
elhpae. 



M'P : MP : ; M'C ; RC : 



Second. Take a rule MO, in length equal to the 
aais ; from the extremity M, lay off MS 
equal to the semi-conjugate axis ; move 
the rule so that the estremity and 
the point of division S shall remain, th« 
first on the conjugate and the second on 
the transverse axis ; the point of a pan- 
el! at M, will describe the ellipse. For, dr 
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until it umets the produced ordinate MP in P' ; join M'C, tliea 
tbe two equal light angled triangles M'CP and MOP' give 

Ml" = M'P, 

ttiid tho similai: tiiangles MPS and MP'O give 

MP' : MP : 1 MO : MS : ; a : 6, 



"128. Let k", y'\ be the co-ordinates of any point of the ellipse, 
s M, and titrough this point conceive any straight line to he 
drawn ; its eq^uatJon ivill 
bo of tlio form 

y - y" -= d(x -- x-')...{il 

in which d ia un determined. Since the given point is on the 
eurve, ils co-ordinates miist aatisfj equation (e), and give the con- 
dition 

Subtr^ieting this, member by member, from equation (e), we 



v?{y^ - V"') + 6^^^ 



<iHii + y"){y - y") -f ^^ + ^'0(^ - ^") = o- 

Combining this with, equation (I), by substiLuting the vahie of 
y — y" taken from equation (1), we obtain 

[<;<.>(, + r) + j-{^ + .»)] (« - i.") = 0, 

ia whicli x and y are the co-ordinates of all the points common to 
tie right jine and curve. This equation being of tho second de- 
Sjree, there are two such points, and only two. These points may 
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be determined by placing tlie factors, eeparat 
Placing 



wLich. iu equation (1), gives 



and these values evidently belong to the given point M. Placing 
the other factor equal to 0, wo have 

da%y + y") + b\x + <c") = (2), 

in which X and y must be the oc-ordinatea of the second point of 
intersection M', 

If now the right line he revolved about the point M, until the 
point M' coincides with M, the secant line will become a tangent ; 
X and y, in equation (2), will become equal to x,'' and y'\ and the 
oquation reduce to 

'ZdaJ'y" -\- 'i.V'x" = ; whence li = ,— . 

a^y" 

Substituting this value cii cl in equation (1), we have 

which, since o/'y"^ + hH"- = a°ft% reduces to 

a^yy" + h''xx" = a?h^ (3), 

for the liquation of a tangent line to the ellipse at a given point. 
If a ^= h, the above equation reduces to 

yy" + xx" =; o^, 

for the tangent line to the circle whoso radius is ii. 
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120, If we multiply Ijoth members of equation (3), preceding 
article, by 2, and subtract the result, member by member, from 
the equation 

ahj"" — 2«?yy" + 6%"* — 2S%ai" = ''— a^i". 
Adding a"!/^ + ^^■c^, to botK members, we have 

^Ky" - l/Y + h%^" - ^Y - o,hj^ + &^2= - a=6». 
The first member is the sum of two perfect squai'es, iienee 

is positive for all values of cc and y, except x = x" and 
y = ;/". 

^?? ^nls of the tangent, except the point of contact, are there- 
fore witkmit the ellipse. Art. (109). 

ISO. If in equation (3), Art. (128), we make 'j = 0, we 
find 

f J" B g^j, y^g distance from C, to 

the point in wtich the tangent cuts the transverse axis. If from 
this wo subtract the distance CP = x", we have 



CT . 



CP . 



PT = - 



which is tJie snbtangent, Art. (92). This expression for the sub- 
tangent, being independent of the conjugate axis, will be the same 
for all ellipses having the same transverse axis, and the points of 
contact in the same perpendicular to this axis. Hence, if it be 



db,Googlc 



requii'ed to draw a tangeat to an ellipse at a given point as M : On 
the traosvei'se axis describe a circle ; through, the given point di'aw 
a perpendicular to the axis and produce it until it meets the circle 
at M' ; at this point draw a tangent to the circle, and connect the 
point T, in which this tangent cuts the axis produced, with the 
given point ; this line will be the required tangent 

In a similar way, we may find the distance cut ofi' by the tan- 
gent on tJie conjugate axis produced, and the expression for the 



131. If in equation (3), Art. (128), we chaao;a 5= into — l>% it 



for tlw. equation of a tangeiit to Ike ^yperboH at « ^i 



132. If in the last equation iVK maice */ = 0, ltet^f 
X == — ^ CT (1), X 



and subtracting this fro 
CP = s", we have 



/ 



'\ ' 



CP - CT =. PT = t ~ 

for the subtangent of the hyperbola, 

133. Let MT be a tangent at any point M, of the ellipse, tb 
co-ordinates of this point being a" 
and y" ; draw the lines MF and 
MP to the foci. In Art. (120), we 
have found 
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If to tliB cspression CT = ^, Art. (130), we add CF' : 
and from it subtract CF =; c, we have 



FT : FT : I B= H- ex" : o? ~ ex", 
and since the last tcpms of ttis proportion ai'e tlie same as (I), 
F'T : FT : : MF' : MF. 
Tiiroiigli F draw FO parallel to MF', tlieii 
F'T : FT -. : MF' : FO ; 
lLi.i.eo FO = FM, and the angle 

FMO = FOM = F'MT'. 

Therefore, if from, the point of contact of a ianijent to an ellipse, 
two lines ie dravm, to the foci, these lines will majce equal angles 
with the tangent 

This property enables us to make the following constructions. 

First. To draw a t,ingent to an eliipao at a given point. 
Join the point ivitli the foci ; produce the lino F'M, drawn to one 
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focus, until it is equal to tlio trans- 
verse asis ; join its estremity B', 
with tie other fcwus; tlirougL the 
given point draw a line perpendicu- 
lar to tlio last line ; it will te tiie tangent. For, 

F'M + MB' = 2« = F'M + MF, 

honco ME' = MF, tte triangle MFB' is isosceles, and the 
angle 

B'MT = FMN" = FMT. 
Second. To draw a tangent to an ellipse from a point witlioiit 

With either focus F', as a centi'e, and radius oqua! to the trans- 
verse axis, describe an are ; witli tho given point N, as a centre, 
and radius equal to the distance to the other focus, describe ano- 
ther arc ; join their point of intersection B', with the first focus : 
the point M, in which this line intersects the ellipse, will be the 
point of contact, which being joined with the given point will 
give the tangent. For 

NF = NB' and MF = MB' ; 

hence the line NM, having two points at equal distances from F 
and B', is pei-pendicular to FB' at its middle point and bisects the 
angle FMB', Since the two area above described intersect iu two 
points, there will be two tangenla. 

Let the co-ordinates of tlie given point be x" and if. Since it 
is on the tangent, we must have the condition. Art. (23), 

ahj'y" 4- 6V:." = a=J' (2), 

and since the point of contact is on the ellipse, we also have 

aY" + ^^^"^ = «^6' (3)- 

The combination of these equations will give two values of it 
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and two corresponding of y", Art. (93), wliicli will b« of tlio form 

and these values will be real, ec[iial, or imaginary as the given 
point is without, on, or within the ellipse, Ai-t. {109}, lu the first 
c^9 there will he two tangents, in the second but one, and in the 
third none. 



134, Let MT be a tangent to the hypeihola at any point, 
and MF' and MF lines drawn 
to the foci. In Art. (131), 
we iiava found 




If to e = CF' = CF, wo add the expression CT = !i- , 
Art. (132), and then subtract it, we shall have 



HcTific, as in the preceding article, we deduce 

■F'T : FT ; : MF' ; MF, 

.hat is, the tangent MT divides the baae of the triangle MF'F into 
two segments proportional to lie adjacent sides, it therefore hi- 
sects the angle F'MF, at the vertex Therefore, if from the point 
ofeontact of a tangent to an hyperhola, two hiiei he diavrn to the 
foci, these lines leill make equal anqle-. wilk the tawjent 

This property enables us to make the following ccnstiuctions. 
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I hypprbola at a given point. 



I< jsf To diaw 1 tangent to i 
Join, the j oint M with the 
foci nitl thp \a\n\ is a 
iseutro nnii the distii ce to 
the neaiest toou« ts i radius, 
describe aa are cutting the 
line drawn to the farthest 

focus in A' ; join this point with the first foouis and throi 
given point draw a hne perpendicular to this l^t line ; it will be 
the tangent. For the triangle MFA' is isosceles ; hence, the per- 
pendicular MT bisects the angle F'MF. 

Second. To draw a tangent to an hyperbola fiom a point with- 
out the curve. 

The construction, and explanation of this are the same as for the 




If, as ia the ellipse, the co-ordinates of the given point he de- 
noted by x' and y', we shall have for the hyperbola the two equa- 
tions of condition 



the combination, of which, will give two values of s" and ,'/", which 
will be of the form 



and there will be two tangents, one, oi 
without, on, or within the hyperbola. 



, as the given point i= 



135. The general for 
ing through the point 



m of tbo equation of a stiaiglit line pass- 
im is, Alt. ^„^Kr~^ 



c (,r - a:'}, 
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in which, fni' tliiu particulsu' case, we muat have 
y' = 0, X' = a, 

wliicli gives for tlie equation of BM, 

,j = o{x ~a). 
For the equation of the i-jglit line passing through A, for whirfi 

we have 

Combining these equations hy multiplication, we have 

in which x and ji are the co-ordinates of Hie point of intejsection 
of tho two lines, Art. (27). If this point ia on the ellipse, x and y 
in the last equation must satisfy the equation of the ellipse, and 

Equating these values of y^, and omitting the common factor 

«' = -^ m, 

for the equation of coridition tliat the lives shall intersect on the 
ellipse. 

The lines when subjected to this condition are called su^le- 
ineatary chords ; and, in general, supplementary e7tords of a curve 
are straight lines drawn frnm the culretnities of a diameter and in- 
tersecting on the carve. 

Since e and c' arc intletiir rain ate in the above equation of condi- 
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tioii, aiuNliiiite number of supplementaiy (hords can be drawn, 
and if any value be assigned to either c or e', tho otbov becomes 
kiioivu and the position of the coi-respoiiding chord will be de- 
termined. 

If c ^ 0, e' will be oo ; 01' if c' = 0, c = co; that 
is, if either chord coincides with the transverse axis, tho other will 
be perpendicular to it. 

If either c or c' is positive, the other must be negative ; that is, 
if one chord makes an acute angle with tie transverse axis, the 
other will make an obtuse, and the reverae. 

If a — b, the condition (l) reduces to 

cc' = - i, or cc' + 1 = 0; 

hence, Art. (28), the Ewpplementary chords of a circle are perpen- 
dicular to each other. 

The expression for the tangent of the angle AMB is. Art. (28), 



i + cc' 

But since e is the tangent of the obtuse angle MUX, it is ess 
tially negative and may be placed = — c". Substituting t! 
and also cc' = — — , the above expressi< 



tang V : 



- {'" + '') 



which is essentially negative for all values of c and c' ; hence the 
supplementary chords, drawn from the extremities of the trans- 
verse axis of an ellipse, malte an obtuse angle with each other. 

As the angle V is obtuse, it will be the greatest when its tan- 
gent is numerically the least;' and since the denominator ofthe 
above expression is constant^ it will be tJie least when the numers- 
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tor is tlie least. But the product of c' and e" being constant, their 
sum c" + c', wil] he the least ivhen the factors are equal,* 
that is, when 



iu which ease, the angles are supplenients of each other and the 
chords are drawn to the extremity of the eoEJugate axis D, making 
the ande DAO = DBO. 



136. If wo put — h^ for 6* in condition (1) of the preceding; 
article, wo obtain 



for the equation, of condition for supple mo nt.irj' chords drawn from 
the extremities of the kauavei'so axb of the hyperbola. 

As in the ellipse, an infinite nnmhar of chords may be drawn, 
and if either e or c' is positive or negative, the other must have 
file same sign ; that is, both angles are at the same time acute, or 
both obtuse. 

If K = 6, the above equation becomes 

* HoTE.— To prove Ihis, kt s reproscnl llicir svm and d fheir difierenco, 
.^ ^ _. = tlie greater, ^ _ _ — |]ie less, 

?i _, £ = llie product = P, 



rrom which «'e see llial s= or s will he ihe least when rf = 0, or the W'o 
factors are equal. 
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IiCDcu, in tlie cqiiilatoval hyperbola llie two angles are eomplemonts 
of eacli other. 

The expression for the tangent of the angle BMA, is 




which is cssentiall}' positive, 

aiuce c is always gi'eater iJiaii 

e' ; hence, the supplementary chords inalte an acute angle with 

each other, and this angle increases as c increases, until the chord 

AM becomes perpendicular to the transvevas axis at the vert«x A, 

when the angle is the greatest possible and equal to 90°. 



137. If a right line be drawn tliiougli tho centre of the ellipse, 
ts equation will ho 



and if it pass through the point of A 
contact of a tangent, we shall have 
the condition 




Multiplying this, member by member, by the expression for d, 
Art. (128,) wc have 



impression as that found in Art. (1^5) for cg' ; hence 
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in whicli, if c =z. d, c' will be equal to d', and if t' = d'. 

Therefore, if one of the supplementary chords of an ellipse is 
parallel to a tangent, ike other will he parallel to a line joining the 
point of contact and the centre, and the converse. 

Upon this property tlie following constructions depend. 

ffiist To diaw a tangpnt to an plhpse at a given point Fiom 
the point, diaw a line, MC, to the cantie, fiom one e\tiemit\ of 
the tians\eiae axis drv// i choid, AO, pariliel to this line , diaw 
the supplement BO, of this chord, and at the c,neii point, draw a 
line paiallel to this supplement, it mil be the lequued tangent 

Second lo di i,w a tiiigent to the elhp'.i' ] 11 tllel to a Tnen 
liue. 

From one e\tieuntj of the tian=\erae ixis, cli^w % <,hoid, EO, 
l>arallel to the gnen hne NS , draw the supplement of this 
chord AO , parallel to which draw a line, CM, through thp 
eentre , it thp points m whuh this line intersects the > urve diiw 
lines panlM to ths, ^^Vi&\ lint the> will he thu itquiird tingents 



138. By changing i' into — 6', in the expression for d. Art. 
(128), it hecoines the tang;entof the angle made with the transverse 
axis by a tangent to the 
hyperbola, and by iising 
this expression with the 
equation of condition 



we have a similar discussion, and deduce the same properijes of 
supplementary chords, and the same construoUons for tangent lines 
as ill the ellipse, as indicated in the figure, 

ft will evidently be impossible to draw a tangent to the hyper- 
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iiola parallel to a given line, when the diameter to be i 
al?cl to the second chord, does not intersect the curve. 



139. If in thee. 



a")/''/" + fi'a'.r' 



...(1), 



Art. (133), ss" and y" be regarded as vaiiables, it will be the 
equation of a light line ; and since both values of of' and y" de- 
duced from equations (2) and (3), Art. (133), must satisfy this 
equation, the light line must pass through both points of conta^ 
or will be the indefinite cliord which joins them. 

If any point, aa 0, be taken upon this chord, its co-ordinates, 
which we denote by e and d, will satisfy equation (1), and give the 
•wndition 



...(2). 



itisfy this 



ah/d + hH 



Every set of values for x 

equation, will give a point 

from which, if two tangenta 

be di-awn to the elhpso, the 

chorda joining the points of 

contact will pass through the 

point 0. Hence, if y' and x' 

be regarded as variables in 

this equation, it will represent a right line, every point of which 

will fulfil the above condition. 

Aa ill Art. (95), this line is the polar line of the polo 0, 

If through the point and the centre, a right line b(! di'avuo, 

its equation mil be 
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Jf Oiis equation be combined with the equation of the ellipse, 
(e), Art. (105), we find for the co-ordinates of tlio point M, 



Subs ti tut' Jig those for x" and y" in the equation of the tangent 
line, (3), Avt. (128), we have for tho cquatioii of the tangent at 
the point M, 



which is evidently parallel to the polar line, represented by equa- 
tion (2). 

If the line OC be produced until it intersects ths polar line UN' 
in K ; for this point we shall have 

x" _ c , bV _ i% . 

hence, the chord which joii^a the points of contact, M' and B, 
of two tangents drawn from N", in this case represented by eqiw- 
taon (1), will also be parallel to the polar lino. 

These properties gire the following constructions. 

First. The pole being given, to construct the corresponding 
polar line. 

Through the pole and centre, draw the iine 00 ; at the point 
M, ill which it intersects the curve, draw a tangent; through the 
pole draw a chord parallel to this tangent ; at either point, as M', 
in which this chord intersects the curve, draw a second tangent ; 
through the point N, in which this intersects the line CO produced, 
draw a line parallel to the first tangent, it \vill be the requii-od 
polar line. 

Second. Tho polar line being given, to construct the correspond 
ing pole. 

Draw a tangent parallel to the polar line ; join tho point of con 
tact M, with the centre, and produce this line until it meels tht 
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poiav line in N ; through this point draw a second tangent NM', 
and througli the point of contact, M', di'aw a chord M'O, parallel 
to the polar line ; the point in which it intei'secfa th« line MG wiit 
he the pole. 

It should be vemai'ked, tliat if the given line cuts the ellipse, 
this coiistriiction will fail, as the point H" will lie within 
the ellipse aad no tangent can be drawn from it. 

"When the eiliiise becomes a circle, tlie line CM becomes paT 
pendicular to the tMigent at M and also to the polar line, and +!>" 
above constractions are madx simplified. 
Thus, to construct the polar line : 
Through the given pole draw & line to 
the centre ; dvaw a second line perpen- 
dicular to this, at the pole ; at eithe? 
point in which this perpendicular inter- 
sects the circle draw a, tangent; throu^i 
the point N, in which this tangent intersects the line drawn to the 
centre, dvaw a line perpendicular to the last line ; it wiil be the 
polar lice. 

To construct the pole: Through the centio dmw trhne perpen- 
dicular to the polar line ; from the point in which it intersects it, 
draw a tangent ; from the point of contact ditw i ] trj-endicnlar to 
the first line ; tlie point in which it iiiteraect it w il be the pole. 

140. The equations of the preceding aitide become the corres- 
ponding equations of the hyperbola, by changing &* into — J*, 
and it will be readily seen that the properties of the polar line and 
the constructions are precisely the same as for the ellipse. 

When it is impossible to draw a tangent (o the hyperbola pa^ 
allel to a given line. Art. (138), the construction will fail. 



141. The equation of any straight line passing through tJie 
point of contact of a tangent to an ellijae, will be of the form 
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y - r = A\^ - ^") ■(!)- 

If fliis line is perpeudicular to the taogent, we muat have, Ait. 
CS8), 

w -v \ = a, or d' = — }-. 

But, Art. (198), 



wbcflce 

and equation (1) becomes 

;« - !/" = 2^'(^ - «") (2). 

for /fte equaiiim of a norwial to the ellipse, Art. (98). 
If -we malte S' = 0, in equation (2), we deduce 



^'I^^ 



n which ^ is the distance CiR, 



j; ' — .i: = CP — OK = RP = the subnormal. 
If a = h, equation (2) heeomes 



HosMB/GoOglc 



As there is no absolute term to this equation, the nonusl to tho 
circle passes throngh tlie centre, Art. (38). 



142. On the transverse axis of the ellipse let a semi-circle be 
described, and within this semi-circle let us inscribe any polygon, 
AN'MB. From the vertices of this poly- 
gon draw ordinates to the transverse axis, 
and join the points in which they inter- 
sect the ellipse, thus forming a polygon 
AM'MB, of the same iiitmber of sides. "^ '' '' '' " 

If the ordinates of the points N, N', &c., be denoted by Y, Y', 
&e., and the corresponding ordinates of M, M', by y, i/', ifec^ the 
abscissas being x, a', &c., we shall Jiave, Art. (127), 



Tho area of the ti*apezoid P.NN'P', forming a part of the poly- 
ron in the circle, will be 



and the area of the corresponding trapezoid, PMM'P', 

These expressions being equi-multiples of Y -f- Y' 
y -\- y', aie to each other as 

Y + ¥■ : y + ,', or a. . : i. 

In the same way, it may be proved that any trapezoid i 
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oircle is to the coiTesponding oiio in tlie ellipse as a is to 6 ; hence, 
the sum of all in the circle, or tho polygon, AN'NB, will he to the 
aum of aU in the ellipse, or the corresponding polygon AM 'MB, as a 
is to 6 ; and tijjs will he tnie, whatever be the number of the sides. 
If now the numhej' of sides be indefinitely increased, the areas 
of the polygons will become equa] to the areas of the circle and 
ellipse i-espeefively, and we shall have the first is to the second as a 
is to 5 ; or denoting the area of the circle by 8, and that of the 
ellipse by s, we shall have 

S : s : : a : & ; whence s = — S, 

and substitutin;; for S its value ira^, 



or (he area of an ellipse is equal to ilie rectangle upon its s 
midiipUed hy the ratio of the diainetcr to the circumference of a 
circle. 
The above expression may be put under the form 



that is, the area of the ellipse is a mean proportional between the 
areas of the two circles deserihed, one upon the transverse, and the 
other upon the conjugate axis. 



OF CONJUCiA-rE DIAMETERS OP THK KLLIPSE AND 

iiYrERBor.A. 

143. Let it now bo proposed to ascertain if there ai'e any other 
o-ordinate axes, having their origin at the centre, to which, if thfl 
llipse and hyperbola he referred, their equations will have the 
ame form as when referred to their centres and axes, Arts. (100) 
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aiid(]07). For this purpose let us take formuUis (3), Art. (67), 
niid substitute tlie values of x and y in equation (e), we thus obtain 

+ S'(«"' eos' a + %3fy' cos o.<Xi^a! + y'^ cos= a') = a'S*, 
or arranging and omitting the dashes of the variables, 

{a^ ain= tc' + 6^ cos^" u.^/ + (a= sin^ « + 6= cos^ a).»» 
+ 2(g= sin a sin ^' + i' cos a cos a')^ = a^ (1), 

which is the equation of tho ellipse referred to any set of oblique 
axes, having the origin at the centre. This equation will be of the 
same form as equation (e), if the t«rm containing -xy be made to 
disappear, which requires that 

Tlie substitution of this condition iu equation (1), reduces it to 
(a* sin' a'+ i'cos^a'}!/^ + (a^sin'w. + fi^aas^ a)z^ = a=6=...(3). 
Making y and a:, in siiaiession, each equal ts 0, we find 



/ «=*= 


a^ sin^ a + 6^ cos= 


a. 


/ a%'^ 



^ CB', 



' + h'' » 



both of which values are real for all values of 
curve cuts each axis of co-ordinates 
in two points, on different sides of 
the cenfi-e, and at equal distances. 

If we place these distances re- 
spectively equal to a' and 6*, we 
have 
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from wliicli 

a^^w^a. +6'cos'ffi == , «* si 



Substituting these values for the coefficienta of x^ and j/' , 
equation (S), and striking out the common fector ci'6', we have 



.,.(,■), 



an equation of precisely the same form as equation (e), and whidi 
if solved aa in Art.- (106), will give for each value of a: < a', 
two values of y equal with contrary signs, and these taken to- 
T will form a chord mm\ which is bisected by the axis of X ; 
hence, tliis aj:is ia a diameter of the 
ellipse. Art. (100). By solving equa- 
tion (e') with reference to x, it may 
also be proved that the axis of Y is a 
diameter and bisects a systeia of chords 
parallel to the axis of X. These di- 
ameters are called conjugate diameters; 
and in general, two diamelers are conjugate, iBhen e.aek bisect^'a 
system of chofds parallel to the other. 

If in equation (e') we make a' = ± a', we deduce 




hence, the ordinates at A' i 
curve. Art. (34). 
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Hence, the tangent, at the vertex of either diameter, is parallel 
to its conjugate, or, to the chords which the diametm- bisects. 

Equation {e') is called the equation of the ellipse referred to its 
centre and conjugate diametera, in wiiicJi a' and b' are tie semi- 
ooiijugate diameters. 

144. Since, whenever a and a' have such values as to satisfy 
equation (2), of the preceding article, the axes of co-ordinates be- 
come conjugate diameters, that equation is called, the equation of 
condition for conjugate diameters, in which a. and a.' ai'e the angira 
formed by these diametew respectively, with the transverae axis. 

Dividing by cos a. cos a', and recollecting that 

we may put the eq\iation under the form 

tang « tang b' =; — — (l). 

Since « and a.' are indeterminate in this equation, it follows that 
there is an infinite number of conjugate diametere, and if a pai'tic- 
ulac value fee assigned to a or a' the corresponding value of the 
otiier will be determined and the position of the diameters known. 

If ft =: 0, tang K = 0, and equation (1) gives 

tang a' = CO , a! — 90°. 

If ft' = 0, taniv p' = whence 

tang ft = r. <, = qO" 

Hence, if either diametei coin idp-s w ih the trinMei'sp ims the 
oth'er wil coincide with the conjugate Alao if eithei a or a is 
90° the other will be thit ii if eithei diameter comeidei with 
the conjugate axis, the other will omcido with the trina\eisoi 
and the axes are conjugate diimet*>rs 
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145. Tf any conjugate diameters, escept t!ie axes, are at right 
angles, wc must Lave, [see figure of Art. (143)], 

D'CB' z= a' — 0. = 90°, oJ == 90° + k, tang a' = — cot «. 

By the suliatitution of the last value in oqutiiion (1), of the pre- 
ceding article, it becornea 

tang a cot a =^ _ (1), 

which, (since from Trigonometry tang a cot a :^ R^ = 1) cau 
be satisfied for no value of a, except a. =; 0, or a ^^ 90°, 
in which case as seen above, the diameters coincide ivith the axes ; 
hence, the axes are the only eanjugaU dianielei-s at right o/r>.gles. 
If a = h, eq^uation (l) becomes 

tang a. cot a = 1, 

which is satisfied for any value of a. ; hence in a circle, any two 
eonjugate diameters ai'e at right angles. 



146. By compai'ing equation (l), Art. (144), with equation 
(1), Art. (135), we see that 

hence, if c ;= tang a. 



and the reverse; that is, if one of two supplementary chords is 
pwrallel to a diameter, the other will be parallel to its conjugate. 



147. Tf in equation (I) of Art, (144), we put ■ 
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tangn tanga' = „ (1), 

which is Ihe eqtia^on of condition for conjugate diameters m Ike 
hyperbola, and admits of the same discussion, and gives pifcisely 
the same results for the hyperbola, as wore deduced above for tli« 



heoge, in the equilateral hyperboia, the conjugate diameters form 
angles with the transverse axis, which are compkmenls of each 
other. 



U8. If in equation (3), Art. (U3), we put — J» for i^ it 



and malting y and x, in succession, each oqnal to 0, ive find 






The reality of these values mil depend upon the sign of the de- 
nominator under the radicai sign. If that of the first is negative, 
X will be real. In this ease 

af siti^ K - i^ cos' « < 0, ^^"^"^ < ^— , tang a < - ; 

hence, from equation (1) of the preceding article, ive have 
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and the denominator, under the second radical sign, is positive, 
and the value of 1/ imaginary. 

In the same way, it may be shown that if y is real, x must he 
imaginaiy. Therefore, if one of the conjugate diameters of the 
hyperbola cute the cnive the otlier will not, and the converse. 

If then, we regard the ahove value of * as real, we may place it 
equal to «', and the imaginaiy value of ^ equal to b' V — 1, 



from which, deducing the values of the denominators, and substj- 
iuting in equation (1), we have 



for the epilation of the hyperbola ri 
gate diameters, in which, «' and'6' f 



d to its centi'e and conju- 
le semi-conjugate diame- 




)iaving T5A for its conjug; 



MS equation (A), Art. (107), 
and from it wC may prove 
as in Art. (143), flat each 
diameter biseefs a system of 
chords pai'sllel to its conju- 
gate, or parallel to the tan- 
gent at its vertices, if it have 
vertices. If a second hy- 
perbola be described upon 
DE as a transverse axis, 
!\id to be conjugate to the first 
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hyperbola ; tiiat is, two hyperbolas are eonjuffate when ilw tra 
axis of one is the conjugate of the other, and the reverse. 

The equation of the conjugate hyperhola, ohtained by changing 
X into y. Art. (108), and a into 6, in equation (A), ia 



- /j%= 



149. The parameter of any diameter of either the ellipse or 
hyperbola, is a third proportional to the diameter and its conju- 
gate, the conjugate being the mean. Thus, for the parameter of 
2a' = B'A' 



26-2 



: : 26' ; 2p ; whence 



The parameter of tlie transvei-se axis, — , is ali 

meter of the curve. Art. (115). 
For the parameter of the conjugate axis, we have 



160, Aa equations («') and {h'\ Arts. (143), (118), are pre- 
cisely the same as equations (e) and {h), except that a' and b' en- 
ter instead of a and b, it follows that any algebraic expression de- 
duced from the latter, will become the conesponding expression 
for the former, by changing a into a' and h into b'. Thus the pro- 
portions of Arts. (125), (126), become 

y"" : y"" 



■■ ("' + «')(^' - «') : («" + «')(^" 



the first of which sliows that, the squares of the ordinate^ dra.vm to 
any diameter of an, ellipse, are to each other as iJie rectangle of the 
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se</ments into wfiick the diameter is divided ; and the second that, 
the squares of the ordinates drawn to awj diameter of an hyperbola, 
which iniei-sects the curve, are to each other as the rectangles of the 
distances from tlie foot of each ordinate, to the vertices of the di- 
ameter. 

e ua to construct either cuwe, Laving 
given two conjugate diameters and the 
angle formed by them. Thus, let A'B' 
and D'E' be two such diameters. Re- 
volve D'E' nntii it becomes perpen- 
dicular to A'B' ; on the two as axes, 
describe an ellipse (or hyperbola), in 
which draw any nnmbei' of ordinates mp, m'p', &a ; then revolve 
these unljl they become parallel to the primitive position of D'E', 
their extremities will be poinis of the curve. 




151. The equations of the tangent. Arts. (128), (131), become, 
when referred to conj ugate diameters, 

a'%" + b'^x^' = a'^b'% 

a'^yj" — h'^xx" ■=^ — a'^b'^, 

the fii'sl foi- the elli])se, and the second for the hyperbola. 

162. The equations of condition for supplementary chord? 
Arts. (135), (136), when drawn from the extremities of a diainetei 
So', .become 

cc' =; — — , for the ellipse (1), 

cc' =: . — , for the hypp.Tl)ola, 
in v.'hlch, since tl:e axes of co-ordiimtcs are oblique, c and c' I'a 
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witli tlie ax 



■alio of tho sines of the a' 

s, AtL (20). 



IS which tho chords i 



153, Likewise, eqiiation (l), Art. (137), will belong to a di- 
ameter and tangent at its vertex, when referred to conjugate di- 
ameters, if we cliange a into a' and & and i', and regai'd d and d' 
as the r.atio of tJie siues, &c. ; thus, 

^^, _ _^^ 
Comparing this ivith equation (1) of the prccoding article, we 



cc' = dd', 

and the same for the hyperbola. Hence, if c = d, c' = d' 
and the converse. Therefore, in either curve, if a diord, drawn 
from the osti'emifcy of a diameter, is parallel to a tangent, its sup- 
plement will be parallel to the diameter passing thvougli the point 
of contact, and the converse. Also, if one of t'.vo supplementary 
chords is parallel to a diameter, the other will be parallel to its 
conjugate ; or, a set of supplementary diords may always be drawn 
from the extremities of any Oiametei' parallel to a Rct of conjugate 
diameters. 



i traced upon paper; 



154, The properties of supplementary chorda, diameters, and 
tiingents, discussed in the preceding article, g^re the following 
constmetiona. 

Mrsi. If either tho ellipse or hyperbola 
draw any two parallel chords, nn and 
ti'n', and bisect them by a straig])t 
line, this will be a diameter, Art, (100). 
If two diameters bo thus constnieted: 
their intersection «ill be th" centre of 
the curve. 
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Second. On any diameter, A'B', found as above, deseiibe a 
ssmi-circle and di'aw two chords from tlic point M, m wLieli it in- 
tersects tlie curve to the extremities of the diameter; these chords 
will be supplementary and perpendicular to each other ; draw two 
diameters pai'allol to these aad tliey will be the ax:e3. 

And, in general, to construct a set of conjugate diametei's 
making a given angle with each other. Upon any diameter de- 
aoribe an arc capable of contaiuicg the given angle ; fi'om the 
point in which it cuts the curve, draw two chords to the extrerai- 
lies of the diameter ; through the centre draw two diametera par- 
allel to these chords ; ihey will be the require^l diametere. 

Third. If one diameter, as D'E', is given, and it bo required to 
construct its conjugate. 
B'rom the extremity of any 
diameter draw a chord lim, 
pai'allel to the given di- 
imetei diiw the supple- 
ment, Orii, of this diord ; 
tkiou^li tie centre draw a 
diametPi OA' parallel to 
this supplement, it will be 

Fmn tk To draw a tangent at a given point is A', Join this 
point with the cnntre , through the extiemity O, of any diameter, 
draw a chord parallel to CA' , draw the supplement of tliis chord, 
E™ ; parallel to which, diaw i hue through the ^ven point ; it 
will be the lequned tangpnt. 

Fifth To diaii a tangent parallel to a given line, as L. Make 
the same con^tiuction as m Art (137), using any diameter as OR, 
instead of the trausveise a^is. Or thus i draw any two chords 
mli, m'W, paiillel to the given line; bisect them by a straight 
line ; the points A' md B', in which this intersects the curve will 
he the points of contact, thjou^h either of which draw a line paj> 
allel to the picn line, it will be the required tangent. 
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1S5. Let CB' and CD' be any two semi-conjiigate diamotei-E 
of tlie ellipse. On the ti'ansveraa axis AB, _ 

describe a semi-circle ; through the points 
B' and D' draw two ordinfites and produce 
them fo M and M' ; draw the radii CM 
and CM', and denote the angles MCB "^ 
and M'CB by ^ and /3'. The right angled triangles CPB' and 
CPM, give 

tang a : tang /3 : : PB' : TM : : b : a, 

Art. 0-21) ; hence 

tang ra = - tang /3. 

Also, the triangles CP'D' and CP'M', since the angles at the 
s of a/ and /3', give 



tang tt' — - tang ^'. 

JIultiplying these equations, member by member, wo have 

tang a tang a' = ^- tang ^ tang ,8' = — , _ , 

Art. (144) ; hence 

tang 13 tang ^' = — 1, 

and the two radii CM and CM' are perpoiidiculai' to each other, 
Art. (98) ; therefore 



150. From the triangles CPB' and CPM, \ 
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CP = o' cos «, CV = a cos l3, 

PB' = a' sma, PM = a sin ,3 ; 

wlience, fi'om tlio fivst two, 

a' cos a, = aco3^ (I), 

and from tlie second 

a' sin « : a sin /3 : : PB' : PM : : 6 : ■;, 

In ihe same way, the triaiigk? CP'D' and CP'M' give 

6' cos a' - «cos^' = - «sm^ (3), 

i'siaa' = 6 sin 13' = b ci^ & (4), 

after sul)stituting for cos f3' and sin /3' tlieir vaiues, as deduced in 
the precedin'g artide. 

Multiplying equations (l) and (4), member by meinber, and 
then, (2) and (3), and subtracting tbo latter product from tho 
former, we have 

«'6'(s;na'cos« - sin « cos a') = «S(cos^ /3 -^ sir.^ /3), 

a'b'sm{a' - a) = ah (5). 

Squaring both members of (!) and (3) and adding, wo have 

In the same way, from (2) and (4) we obtjiin 

Adding the last two equations, morabci- by member, 
a'3 + &« ^ «' 4. js (0). 
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157. If we unite equation (1) of Art. (144), with (5) iind (Q) 
of tlio preceding article, we Lave 

tang a tang a' = — — (l), 

a'i'.lii{a' - a) = ah (2), 

a'= + 6'= = a' -f 6« (3), 

tlireo equations containing six quantities, either three of wliidi be- 
ing given, the others may be determined. 

If the angle a' ~ a, made by the conjugate diameters with 
each otiier, ia given equal to u, we have 

tt' — a =^ CO, tang a' ^ tang (u + a), 

and this value in equation (l), will give an equation from which 
tang a. may be found, and thus both a and a', become linown, 
]jet us resume equaljon (2), 

.'J'sinK - ») = oS {2), 

and at the vertices of any two conjugate diameters A'B' and D'E', 
di'aw tangents forming a pai'allelo- 
gram. Also at tho vertices of the 
axes, draw tangents forming a rect- 
angle. From the light angled tri- 
angle D'EC, we have 

D'K = D'CsinD'CR = fi'sin{a' - a) ; 

hence, the first member of equation (2) is equal to OB' x D'E, 
ov the area of the parallelogram OQ, while the second member is 
equai to CB X CD, or the area of tiie rectangle C8. If these 
equals be multiplied by 4, we have four tJmea the parallelogram 
CQ, or the parallelogram QQ', equal to four times tho rectangle 
CS, or the rectangle SS' ; that is, the paralleloip-am mnstrucled 
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icpoii any Iwo cmtjxigate diameters of the ellipse, is equivalent to the 
vectaiiffle upon ike axes. 

Multiplying faoth members of ec[uation (3), by i, wo have 

ia'" + ih'^ = 4a5 + 46-'. 
But 

ia'^ = {In/y, 4i'3 = {2h'Y &c. ; 

henee, the sum of the squares upon teny two conjugate diameters of 
the ellipse, is equal to the sum of the squares up<m the axes. 



158. If in equations (1), (2) and (0), of the preceding article, 



3 cliange Ifl into ■ 
liypCL'bola, 



tang a tang a' =: — -... 



...p), 



.'4',i„(.' 



,..(3) 



from ivhicli either three of the qiiantities may he determiued when 
the others are known. 

If k' — « = u, ia given, a and a' may be deteriniued as in 
the preceding article. 

The perpendicular D'E is equal to 



D'O sin D'CR = b' s 




«); 



hence, the first member of 
equation (2) is equal to 
CA' X D'E, 01- the ai'ea 
of the paj'allelogram CQ ; 
while the second member 
is equal to the rectangle 
CS. Multiplying these 
equals hy 4, we obtain the 
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pai-aUeloffram constructed upon any two conjugate diameters of ike 
hyperhota equivalent tit the rectangle upon the axes. 
From equation (3), wo liave 



(iiat is, the differtncn of the squares of miy two conjugate diameters 
of the hyperbola, is equal to the difference of the squares of the axes. 

159. If the conjugate dianiotars of fin ellipse arc equal tii each 
other, the two enpressions for a'^ and i'^, Art. (143), must bfc 
eqnal, which requires that 

a^ sin^ a + &* cos* a = a^ sin^ a' + i^ cos' a', 

and every set of values of a and a! which will satisfy (liia equation, 
provided they at the same tame satisfy equation (1), Art. (144), will 
give the position o£ a set of equal conjugate diameters. 
Substituting in the above equation 



it heconics 

(«• ~ l-)coj'. = [o? - 6')»s=a' (1), 

which, unless o = 6, can only bo satisfied by making' 

The first value cos a = cos a.' ^vcs a = ti' ; hence the 
two diameters coincide and are not conjugate. 

Tlie second value cos a = — cos aJ, satisfies equation (l), 
Art. {144}, and requires the angles to be supplemeDts of each 

k' + « = 180"; 

hence, Art, (135), the diametere must be par:illcl to the supple- 
niimtai^ chorda drawn from the extremities of the transverse to 
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the extvcnm\ of t!ie conjii^ite a\i8 They will tlicrufore make a 
greater aiii;le iiitli eitli otliei thin any other set of conjugate 
diameters 

If a := i, Hqitation (I), Mill 1)0 sitisfied for every set of 
values of « and a! , lience, m the circle, the conjugate c 
are ec[ual to each othei 

When a' = i', equation {?'), Ait (U3),b 

a's^a + o'"ja = ^'i^ or y'i -[- a:' = a 
for the elhpae leferred to its equil conjugitc diaroetei's. 



160. Bj m p\atmn"Uon ->f < quiti m (3), Art. (158), it will bo 
seen that n' c^iii not he pqiial to 6', unless a = 6 ; that is, in 
the hyperbola, theie aie no ejiial conjugate diameters, except 
when the hypcibola is eqnilateril, in whidi case each diameter is 
equal to its conjugate. 



Of THE IIYPEKBOLfl. REFKRRED TO ITS ASYMPTOTES, 

161. If in equation (1) of Art. (1-13), we put - M for J^ it 
becomes 



for the equation of the hyperbola refen-ed to any set of oblique 
ases having their origin at the centre. We may assign such values 
to the arbitrary constants a and a', in this equation, a.s to cause the 
coefficients of y'' and s? to be 0, and thus have 

whence by dividing the first by a^ coa^ a'; and the Kccond by 
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and rocoUeoting tliat . — . = Uing^, wc dodvico 



But it is evident that w 
Bucl: case, tlie two new a 
erefore, we take 



ordiiiatos would coincide. If, 



and the reverse. 

These values taay be readily con^Lnicted, ih 
A, erect a perpendicular 
to BA, ou which lay off 
the distances AL and 
AL', each eciual to b and 
dmw the lines CL and 
CL', these will he tlio 
new axes of co-ordinates. 
For the right angled tri- 
angles CAL and CAL' 
give 

tan'f ACL =: tang AOL' 




But the tangent of ACL', taken with a contrary sign, is equal to 

the tangent of 360° ~ ACL', and also equal to = tang a ; 

hence 



db,Googlc 



360° - ACL' = a, 

and CL' is the new axis of X, and GL the new asis of Y, tl 
angles a and a' being as marked on tlie flgiire. 

Since 

CL = Va" + b% 
tlie riglit angled triangle ACL gives 



V«' + !'" l/«= + 6' 



e also liavo 

~ b 



Substituting these values, together "with eondilions (2), in equ 
lion (1), we have 






whence 

«■* + i= 

xi; = ■ , or 

4 

placing m for —^ 

Solving this equation, wc have 
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ill whicii, aa s^ increases, '/ dimmi'.b.es , when ■« becomes infinite y 
becoBiea ; and as y can be ntgatna for no positive value of a', it 
follows that the asis of X, or the lire GL', continuallj' approaches 
the curve and touches it at an infinite distance without cutting it. 
By Bolviiig the equation with reference to x, it may be proved that 
the lino OL enjoys the same property. These two lines are called 
asymptotes of tlie hyperbola ; and in general, an asymptote of a 
Qurve is a line, lekick contimially approacluis the curve aiid becomes 
tangent to it at an infinite distance. 

By an inspection of tie figure, it is readily seen that the 
asymptotes of the hyperbola are the diagonals of the rectangle 
described on the axes. 

Equation (3) is called the equation of the hyperbda referred te 
its centre and asymptotes. 

If the hyperbola ia eijuilateral, a' = 45°, tang a.' = 1, 
the ann-le LCIj' = 90°, and the asymptotes are perpendiculai 
to each other. 



lEwo Ulm the expression. Art, (133), 
X = ^ -^ CT, 



and nialvo «" — a 
curve, Art. (107), 
shall obtain 



have foi' points of tlio 



CT : 



= OA, 




which is the greatest 
value of CT. As x" in- 
ci'eas^, CT diminishes 
until a;" =; to , ivhen 
CT = 0, its least value, 
and the timgent coincides with the asymptote ; hence all tangcnfa 
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drawn to tlia hyperbola intersect tho tiansvere'' tL\ii between the 
centre and the vertex of that branch to ^vhich thty are drawn ; 
and Ike asymptoles are the limits of all tangcnb. 



163. If we multiply both members of equation (3), Art. (lOl), 
by sin 2a', the sine of the angle LCL' included by the asymptotee, 



The second member of this equation is constant, and the first 
for any point of the curve, as iSI, is 



of the parallelogram CPMF 11 
of all I 1 
scril d on 
and 1 te 




the curve, lefeired to the 
asymptotes, are equal, each 
being measured hy the 
expression, main 2a'. 

If the point M is placed 

at the vei'tex A, the par- 

'homlius AOCO', each of its sides 



2 L o^ =+i 

This Ills lesci bel en the alsci^^a -ml ordinate of the 
vertex, ii, calkl tJ^ pooer of flie I jperbola s |uivalcnt to the 
parallelognm dpsenbed on the ahsc isa and oid mte of any point 
ofthecirve tnd is is leadilv iten fiom thefigure la one eiffhth of 
the rectjngle le rilpd on tl e a\es 



db,Googlc 



INIETEBMINATK ( 

In tbo equilateral liyparbola 

2a' = 90", ain la! = 1, 

Mid tlic [3OW01' becomes a square, tlie area of wliioli b : 



164. Let a;" y" denote the coordinates of any point, as M, 
of tLe hyperbola. The equation of a 
right liue passing through this point, will r'>Y 

be of the foi'm 5-^M' 



The equation of the hyperbola bs^iiig 

«y = m (2), 

the condition that the point M shall bo 
on the curve, will be 



Subtracting this from equation (2), we have 



Combining this with equation (l), hy substituting the value of 
y tiiken from (1), wo obtain 

y"{;B - «") + dx{m - X") = 0, or {x - x"){^" + d:c) = 0. 

Placing the two factors of the last equation, separately, equal to 
0, we obtain for all the common points, Art. (128,) 
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The fii'st value of x is evidently the abscissa of tlio point 51, the 
second must tliea be that of M', 

Now if the line MM' be resolved about M until the point 
W coiuddes with M, it ivill hecome a tangent, aad the value of x 
in eq^iation (3) will become .t", whence we have 



Tliis va.uo, ill etiiiatioii (1), gives 

y — y" = — l-{x ~ x"), 

for the equation nf tlie tanyait, referred io the asyrjiptotcn. 
If in this equation we make y = 0, we have 

tltat is, tlw mitaiigent is equal to the abscissa of the point of contact. 

And, sinee PT = CP, wa have MT = MS ; that is, ike 
part of the tangent included hetween ike asymptotes is bisected at 
the point of contact. 

If in equation (1) we make y ;= 0, we find 

X ~ x" = — 'l^ = CT — CP = PT', 



tlie same value found in equalidn (3) for lie abaiiasaof M' ; hence 

PP = M'P', 

and the two triangles MPT' and M'P'T", having their angles also 
equal, are equal, and MT' = M'T" ; ttat is, if any straight 
line h$ drawn cutting the hyperbola, the pa/rls included between the 
curve and asymptotes will be equal. 

Thra property enables us to construct the hyperbola by points 
when a single point and &(i asymptotes are given. Througji t]ie 
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point, as M, draiv any tight line ; from tlie point in wIlil^ll it cuts 
one of the asymptotes, lay off tlie distance T"M', equal to tlio dfe- 
taace MT', ftom the given point to that in whidi it cuts the other 
estremity of this distance will be a point of tie 



165, If a tangent TS he drawn at any point, M, of the hyper- 
11 d 1 hilfl. g 
Mr I I dlj tt 
h If d m MO I 



1 I 



1 



b d U 1 

Id 1 M 

Mnr 11 

a'^ =r. {x + Pny 4- M^^ 

(3 := (x - Pn)3 + Mij'. 

Siihtt acting iind reducing, we have 




But the riglit angled triangle MP«, 
MPj! = 2a', gives 



«'2 ~ (2 -- 4^j; gQ3 2a' = iin cos 2a', 

Tlie second inomber of this equation is constant, and will there- 
fore be the same for any position of the point M, If this point bo 
placed at the yertes A, tbe half diameter will bo CA ^ a, and 
the half tangent AL == h ; hence 
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But, Art. (158), we have 

a-^ - &■« = a^ ~ 6=, 

thcrcfoi'c, «"c must liavc 

t = h' or 21 = 2i'; 

that is, if ct tangent he drawn ai any point of the ki/perhola, iJiepart 
intercepted between the asymptotes will be equal to ike conjugate of 
the diameter passinff through the point of contact. 

Since the line E'D' is equal and parallel to TS = QO, it 
follows that the iigure QOST i? a parallelogram, and that the ver- 
tices of any parallelogram described on a set of conjugate diametera, 
will lie on the asjTaptotes. 



OP Tl-IE i'OLAR EftUATIOKS 01^ THE ELLIPSE AND 
HYPERBOLA, 

106. If in equation (e), K\t. (105), we suhstitnto the values of 
X and y from formidas (2) of Art. (09), 

wo shall obtain after reduction 

{a-'s.m^v + i=cos=a)c= + 1{a%'^mv + i V cos «>);■ 

+ a^h'^ + 6V — a'6= ^ (1), 

for the general polar cqtlation of tlie ellipse. 

By clianging h'^ into ~ l^, this ivill become the general polat 
equation of the hyperbola. 
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My assigning particular values to a' and i/, in the above equa- 
tion, the pole may be placed at any point in the plane of the 

First. If tlie pole is on the curve, wo must have, Art. (109), 
a^b'^ + b'a'^ - a^h^ ^ 0. 
and the equation reduces to 

L(a=sin=)>+ i«cos«^)r + 2(a'S'sin«; + 6Vcos,.)> =. 0, 
which, may he satisfied by placing r = 0, oi- 
(a^sin^i! + i^ eos'^w)!- ■+ 2(a=i' sinii + b^a' msv) = (2). 

The pole being on the curve, one value of '• is necessarily equal 
to 0, and the other deduced from equation (2), will, for each valuo 
of v, give the distance from the pole to the second point, in which 
the radius vector cuts the curve, Art. (70). 

If this second value of r becomes 0, the radius vector will he- 
come tangent to the curve, and equation (2) will reduce to 



as it should be, Art. (128). 

For the hyperbola, we shall have the same discuss 
suit, except tliat — J" takes the place of 5'. 

Second. If the pole bd placed at the centre, we havi 

a' = 0, S' = 0, 

which reduces equation (1) to 

(o' sin= V + h^ cos= vy — a=£= — ; 

13 
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„(B). 



The second value of r is negative for all values of v, and there- 
fore gives no point of the curye, Art. (69), 

The first value is positive for all values of v, and as v varie( 
from to 360", ivill give all points of the curve. 

If v =^ 0, sin w = 0, cos J- = 1, 
and )■ reduces to 

r = a ^ OB. 



If in the first value of r, (3), we put foi- sin^ v its value 
1 — cos^ V, divide botli terms of the fraction under the raiUcal 
sign by a\ and then place 



e representing the eccentricity of the ellipse, Art. (118), v, 
obtain 



Vl - .■ cos- . 
For the hyperbola, equation (3), becomes 



■-w^ 



the second value of wiieh is negative for all values of v. 

The first value is positive but imaginary, unless the denomina- 
tor is negafJve which requires 



i'cos'r < 0, 



' < ±i. 
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As V increaaea from 0, 
the denominator will be 
negative imtil 



a" sin' V = b^ cos^ v, tang u 

when the value of r will he infinite, in whidi case v = LCA, 
and the radius vector coincides with the asymptote CL, Art. (161), 
As V increases heyond this value, a^ m.n? v hecomea greater than 
&* cos* V, and r will he imaginary unfil 



in which cas 
with CL". 

When V = 180°, we have 



ACL" and tlic radius vector coincides. 



: GB, 



and as v still increases, we shall conlimie to have real values for -r 
until it coincides witli CL'", when tang v agsun becomes equal to 

- , and from this point the values of )■ will be imaginary until the 

radiuB vector coincides with CL', when they again become real and 
continue so to v =^ 360°. 

The first value of r tliiis gives all the points in hoth branches 
of the hyperbola. 

By a process similar to that pursued in the ellipse, the first value 
of r may be reduced to 
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in wliich e represents the eccentricity of tlie hyperbola, Art. 
(119). 

Third. If the pole be placed at the tight hand focus, for which 

equation (l), becomes 

(o» sin* V + h^ cos' v)r^ + 2h''e cos vr — i* — 0. 

If for sin* v we put its value 1 — cos'' v, and for a^ — h\ 
its value c*, this equation reduces to 

(ffla — t' cos^ v\r^ + 2fi'c coa vr = W, 
from which 



r = ^ _ ""^^ I ± V -7- 



f reducing 



whence, the two values 
6* 



^ (a + « cos v)(. ~ , 



■(*). r = __ - (5)- 



Since for the ellipse 

c = Va^ — b^ -C a and cos )< < 1, 

the second value of )■ is always negative and must therefore be 



es from to 360°, the firat value of r will 
and g;ive all points of the ellipse. 

Foi' the hyperbola, expressions (4) and (5) become 

' = -4^^^ (n), " = —^^— 
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The fii-at value of r will be positive ■whenever the denominytor 
is negative. But this can not he unless cos v ia negative and nu- 
merically greater than * . ' Every value of v, beginning with I), 
will then mate r negative until 



when th" n It i= ^ to will parallel to the asymptote CL", Art. 
(161) -^nd r dl he mlii le \g v now increases, cos v will in- 
crease numencdlv until v = 180°, when eos sj = — 1, 
and 



which is positive, and ^ves the vertex B. As v 
this point, cos v will di- 
minish numerically and 
r will he positive until 
we again have 




when f = to , ani3 
the radius vector becomes parallel to the asymptote CL"'. All 
values of v not included within these limits will nialte the firat 
value off negative and give no points of the curve. Thus, it ap- 
pears that this value of r gives all the points in the left hanii 
branch of the hyperbola, and no others. 

The second value of r will he positive, when the denominator is 
rith V = cos u = J, we Jiavo 
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wliiuli ia negative. As v increasea, cos v diminishes, and r will li 
main negative until a ^= c aos v, wLen 



V (1= + 6s 



*■ reduces to infinity, and tiie radius vector tates tlie poaition FR, 
parallel to the asymptote OL. As v increases from fcLis pointy t 
will be positive until it taltes tiie position FR' parallel to CL', 
When V = 90°, cos if = and 

,- = ^ = FM. 



« + e 

TLe second value of ?■, therefore, gives all the points in the righG 
hand branch, and no others. 

If ia expressions (4), (6) and (f), we put ~ c for c, the pole, ia 
each case, wiU he placed at the left hand focus. 

If the eccentricity of iiii ellipse be denoted hy o, we have, Art 
(118), 

c , c= a" - b'> 



from which, wo deduce 

c = ae, h^ = a%l ~~ e^) (8). 

SuDstituting these values in expressioii (4), we find 

^ ^ a{l - ,') 
1 + e«K^' 
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which expresses the value of r in terms of the eccentricity of the 
ellipBo. 

For the hyperbola, Art. (119), we have 

, = «,, - i^ = a%l - e^) (9). 

These values in expressions {6} and (7), give 

_ .(1 - .■) , _ _ ■.(! - .■) 



c terms of the eccentricity of the hyperbola. 
From equations (8) and (9) we deduce the numerical value 

.(1 - ..) = ^'; 

lenco, the numerator of each of the ahove values of r is equal tc 
me half the parameter of the curve, Art^ (149) ; as is also the cnse 
a the parabola, Ai't. (104). 



DISCUSSION OF THI:; C.ENPJR.AT. EttUA-TION OP THE 
SECOND DEOilEE. 

167. Every equation of the seconcl degree between two varia- 
bles, must be a particular ease of the most general form 

a?^ + toy + <^^" -^ dy + e^ +/ = (1), 

which, by assigning particular values to the constanta a, 6, c, &c., 
may be made to represent every line of the second order, Ai-t. (33). 
Although there are sis tenus in the above equation, and ap- 
parently sis arbitrary constants, yet it mnst he observed that both 
members of the equation may be divided by the coefficient of either 
term, as «, thus redudug it to the fonu 

f + h'xy + c'x-' + d'y 4- e'x + / = 0, 
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in which there are but five constants, and to which we can assign 
but fiv& arbitvary conditions. 

In order tlien to estimate tie number of arhiirarj/ constants in 
any general equation, or equation given in form only, we divide 
by the coefficient of one of the terms, and then count tie 
number of different coefficients remaining. TJiis will indicate tie 
number of arbitrai'y conditions which the given eqnation maybe 
made to fulfil. 

In commencing the discussion of equation {!), we may regard 
the axes of co-ordinates, to which tlie line represented by it ia re- 
ferred, as at right angles ; for if they were oblique, a change of 
reference might be made by means of formulas (5), Art. (67), and 
■a new' equation of precisely the same form would evidently result. 



168. By solving eqiiatio 
reference to y, we obtain 



(1), of the preceding article, 



2'= --^-^^±^V(6'-4m>'+2(M — 2ae>+i;*— 4a/...(l), 

from which we may readily construct the line by points as in Art. 
(22). Each value of x which will make the quantity under the 
radical sign positive, will give two real values for ji, and correspond 
to two points of the curve. These points may l)e constructed by 
laying off from A as an origin, the assumed value of ar, as AP ; at 
P erect the perpendicular PM, on which lay off 




PR ■ 



t 



positive di t f the or- 
dinates, nd TM n tie ne- 
gative, 1 q i t the 
second p t f the lue of 
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y ; PM' will be represented by the fiifit, and PM by tho second 
value of y, and M' and M will l>e the corresponding points of the 
ciifye. 

Since the point E is midway between the two points M and M', 
it follows that the chord MM' is bisected at E. But since the 
points B, r, &c., are constructed by laying off the different values 
of the expression 

__ S^' + 1^ 
2a ' 

it foliom^ that they must all lie on the light lino whoso equation is 



hence, this line mill bisect all cliorcls drawn parallel to the axis of 
Y ; it is therefore a diameier of the curve, Art. (100), and may at 
once he coastnicted by laying off AA' = — ^ , and through 
A', drawing the line A'R, making with AX an. angle wliose tan- 
gent is — — , Art. {'26). 

Hence, if an equation of the second degree he solved tnth refm-ence 
to y, the first member placed equal to that part of the second, which, 
does not contain ike radical, will give the equation of a diameter 6s- 
aeclxng chords parallel to the axis ofY. 

If the equation be solved with reference to x, a similar dis- 
cussion will show that, thefrst member, placed equal to tlmt part 
of the second which does not contain the radical, will give the equa- 
tion of a diameter bisecting chords parallel to the axis of X. 



169. If in equation (1) of the preceding article, -v< 
U - ^ae = m, d^ - iof = 

it becomes 
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bx + d , 1 , 

y = ± ^V(fi^ — iac)x^ + 2ma: +n (l). 

Let us now reinovo tlie origin of co-ordinates to tlic point A', 
A'E being taten as a new axis of abscissas, the new axis of ordi- 
Dates being the same as the primitive, A'Y. In tJie formulas (3), 
Art, (67), we must then have 

a' = 0, h' ^ — —, a' = 90'', taiiff a == — A , 
2a 2ffl 

and the formulas become 



or by substituting for a:' in the second, its value t:i!ten from the 
first, we have 



Substituting these values of ce and i/ in equation (1), squaring 
both members and clearing the denominator, we have 

4aV' = (^ - 4ac)cos«cw" + 2m cos a^' + n (2), 

andAhis may be put under the form 



a^^ := {h^ — iac) c 



(i' - 4a,} , 
If io tlio quantity ivitbin the parenthesis, we add 



it will be a perfect square. To presorve the equality, we must 
then subtraet, without the parenthesis, the same expi'assion imilti- 
plied by (b^ — 4ac) cos' a, or 
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Tlie above equation then takes the form 



If Eow we again transfer the origin, to a point, i 
isis of X', at 3 distance from A' equal to 



...(30, 



the axis of abscissas remaining the same and the new axis of ordi- 
nates being parallel to A'Y, the formulas (2), Ai'fc. (6T), become 



y. 



(6= ~ iac) cos a 
Substituting these in equation (3), and transposing, we have 

4„Y'= _ (J« _ 4ac) cos* «"= = « _ p^^^ {i'h 

for the equation of the lino rofen-ed to the two axes A."X' and 
A"S. 

If 6' — 4ae is negative ; the essential sign of the se'cond 
term of the fiist membef will be positive. If the second member 
is also positive, the equation will be of the same foi'm as equation 
(e'), Ai-t. (143), and will therefore represent an ellipse referred to 
its centre and conjugate diameters. 

If the seconi3 member is negative, the equation will indicate 
that the sum of two positive quantities is negative, and can be 
satisfied by no values of :s" and y". The line represented by it is 
then said to be imaginary, and an imaijmwnj ellipse is a particular 
tme of the ellipse. 

If the second member of the equation is 0, it will indicate that 
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the sum of two positive quantities is equal to 0, 
ficd by no values, except 



which, Arf. (16), are the equations of a point, also a particulw 
case of the ellipse. 

If 6 z= and « = c, wo have 



and equation (4) will reduce to tJie fov 



which is the equaliou of a circle, Art. (35), another particular 
of the ellipse. 

If 6' — 4ac is positive ; and the second member i 
equation (4) will be of the same form as eC[Uatioii (A'), Art. (148). 
If tiie second member is positive, the signs of all the t«rms may 
be changed and it will still be of the same form, x" having the 
place of p, and y" the place of «, Art. (108). In either case it will 
thei'efore represent an hyperbola referred to its centre and conju- 
gate diameters. 

If the second member is 0, the equation may be solved iiilh re- 
ference to y"*, and will taJte the form 

yi/s ^ r'^Ji"*, or y" = d: r'x'\ 

representing two right lines wliicli intersect ; a particular ease 
of the hyperbola. 

If 5 := and a = — c, the equation takes the form 



the equation of an equilateral hyperbola, Art. (112) ; another par- 
ticular case of the hyperhola. 

If J' — 4a« = 0, the espreaaion (3') will be infinite, and 
the tranaformation made on equation (3) becomes impossible, but 
under this supposition equation (2) reduces to 
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y^ — 2m COS ax' + n... 



ll 10 iL.ti, icri transfer the origin to a point on the axis of X', at 
a distance feom A', aqusil to 



3 of Art. (Gf) w-Ilteaime 



and these substituted in cijuation (5), give 

. 5 ,Ti n ,; 1(5 2m cos a ,, 
Aahj"^ = 2m eos as", or ^"^ = . — - x", 

which is of the same form as equation C?), Ai't. (09), and there- 
fore represents a pavabola. 

If m = 0, expression (6) will be infinite and the last trans- 
formation become impossible, but in this eaae equation (2) becomes 

toy- = «, " y = ± Ivn, 

x' being indeterminate, and will represent two right lines pctrallet 
to Ike <ms of X', when ji is posifJTe ; one right line whith coincides 
with th4 axis of X' when n = 0, Art. (21) ; and tvio imagi- 
nary right lines wJien n is negative, Tli^se are particular cases of 
the ^rahola. 



no. The above discussion evidently depends upon the fact 
that tlie given equation contains the second power of y, or that a 
is not 0. 

If a =: and c is not, the equation may be solved with re- 
ference to w, and the same results deduced in precisely the same 
manner. 
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If tt = :ind c = 0, and 6 is not, tlic general equa^ 
tioii takes tte form 

bxy + dy + e<c + f = (1). 

let ua now, by tlie aid of the general formulas, Art. (C'i'), 

^ = a' + a:', J, = 6' + y', 

chfoige the origin of co-oi'dinatcs, without changing the direction 
of the axes. We thus obtain 

hx'y' + (a'i + i)y' + {6'i + e)x- + a'b'b + b'd + a'e+/ =0....{2). 

In this equation we have two arbitrary constants, a' and 6', and 
aiay therefore assign such valnos to them as io give 



Substituting these values in equation (2), it reduces to 
, _, , '^'' J. / _ ■ J I _ ^^' ■ — V 

whicli, since the axes of co-ordinatos are at right angles to each 
othei, is the equation of an equilateral hyperbola referred to its 
centreand asymptotes. Art (161). Equation (1) then represents 
the same hyperbola, refeiTed to two right lines parallel to its 



If 01 = 0, 6=0, c = 0, the equation ceases to be an 
equation of the second degree. 

From the previous diaeusaon, we conclude, that every equation, 
of tlie second degree between Uvo variables rejrrments orte of the conic 
sections, thai is, either a parabola, an ellipse or hyperbola, or one of 
their partimlar cases. 
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A parabola whm 


h' - 


- iac ~ 0. 


Alt ellipse when 


h^ - 


- 4ac < 0. 


An hyperbola when 


&■* - 


- iac > 0. 


The parabola when 


4' - 


- iac = 0. 



17l. Under this supposition, tiia value of i/, ec[uation (1), Art. • 
(169), reduces to 



" = - -^^ * 5ji/SiJT^ (1). 

Every vaiuo of «, whiok will make the quantity imder the radi- 
cal sign positive, 'wil! give two real values of y and two correspond- 
ing points of the curve. 

The value of x, which makes this quantity 0, will give two equal 
values of ^, the two corresponding points unite, and thq ordinate 
produced is tangent to the curve. Ait. (35)- 

Every value of iK, which makes the quantity under the radical 
sign negative, gives imaginary values for y and no points of the 
curve. 

If we place 

2mx + n = 0, we have ic =: _ __ , 

which is the only value of m that will reduce the quantity under 
the radical sign to 0. Denoting this value by »', the value of y 
may be written 

ia + <; , 1 , 



2mx + n = 2m{x ■ 
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Now, (/ M is positive ; whetliev x' be positive or negative, every 
value of s: > :>;' will give two real and unequal values for y ; 
X = x' will give two equal values ; and every value of x <^ x' 
will give imaginary values. Henee, the ciirve extends indefinitely 
in the direction of* positive, is tangent to the ordinate PV, which 
corresponds to the absrassa x', and has no points on the left of this 
ordinate, as indicated by the full line in the figure. 

Jf mis negative, every value of a: > (c' will give imaginary 
values foi- y; x ~ x' will give equal values, and a; < .ir' 
will give two real and un- 
equal values. Hence, the 
curve is limited in the di- 
rection of X positive by the 
produced ordinate PV, and 
extends indefinitely in the 
direction of a; negative, as in- 
dicated by tlie dotted line in 
the figure. Hence, in order 
to obtain the limit of the 
curve in the direction of the axis of abscissas, we solve its equation 
wiih veferencs io y, place ilie quantity- under the radical sign equal 
to 0, and deduce the value of x, this value inill he the abscissa of tks 
limit, lay it off and through its extremity draw a line parallel to the 
axis of Y, it will he the limit ; and this limit will be tangent to the 
curve at the vertex of that diameter whieli bisects the chords par- 
allel to the axis of Y. 

If the coeffiwent of x under the radical sign is positive, the curve 
will lie entirely on the right of this limit ; if negative, on the left. 
By solving the equation with reference to a, wo may, in a similar 
way, construct the limit in the direction of the axis of Y, 
]f jB = 0, the value of;/, equation (l), I 




bx -^d 



±iA 
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the equations of too parallel straight lines, Art. (28), when n is 
positive ; which reduce to one straight Ibie, when b == ; and 
to tv>o imaginary parallels, when n is negative, aa seen in Ai-t. 
(169). Hence, an equation of a pai'abola being solved with re- 
ference to either variable, if the quantity under the radical sign 
is a positive constant, the equation will represent two parallel, 
straight lines. 

If this quantity is 0, or the radical disappears, the equation will, 
represent one straight line. If this quantity is a negative eomtant, 
the equation will represent two iTmgiTum/ parallels. 

It may bo remarked, that ia the first case, the lino whoso equa- 

hx + d 

y = ... ■ ■■, 

2ffi 

bisects all chords, terminated in the two lines and parallel to the 
axis of Y, and therefore strictly fulfils the condition of a diameter, 
Art. (100). 

In the second case, the Hue represented by the equation ia the 
diameter itself. 

In the third case, the diameter may bo constructed wliile the 
lines do not exist. 



112. Bysoh-ingthe cqiiatioii ivith refereuce to «, we find for 
the equation of the diaJneter which bisects all chords parallel to 
tb'iaxisofX'Art. (188), 

by + e ■, 2cx e 

X :^ — -^ — — .- ; whence V = — — — ~ % 

2c ' 6 6' 

but Biiiee 6^ — iac = 0, we have 
14 
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lience the coefficient of ^ in flie above equation is eq^ual to tlie co- 
efficient of * in the equation 



y -= _ _ - 



and the two diameters represented by tlicso equations are paral- 
iol, Art. (28). 



173. By an application of the foregoing principles we are ena- 
bled to represent on paper, a parabola whose equation is given, 
without taking tJie trouble to determine many of its points. 

FiiBt, find the points in which tlie curve cuts the axes of co- 
ordinates, Arf. (22) ; then solve the equation with reference to 
each variable in snccession, and construct the diameters which bi- 
sect the chords parallel to the axes, Axta. (168), (26) ; then con- 
struct the limits of tte curve in the direction of both azes, Art. 
(I7l) ; and di'aw a curve tangent to these limits at the points at 
which they intei'sect the diameters and tlirougb the points first de- 
termined, taking care to make it symmetrical with respect to both 
of the diameters, 

E.7;amples. 
First, when, m U not 0. 
]. >/^ ^ 2xy -^ x'^ — Jj + 2x — 1 = (1). 

By comparing Ibis ^ith tlio general equation, Art. (167), ws 
Bee that 
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Jsenee, the curve is a parabola. 




^.2 + 2x - I = 


0; 


M = ~ 1 ± v^ 


Assuming any line as a 


unit of me a 


sure and laying off 


AB = - 1 + V2, 
AB' = ~ 1 - l/i; 




A 


^ 


K 


we bavo the points in 
which the curve cuts 
the axis of X. Making 
X = 0, we find 


/ 


/ / 






y. 




"C ' 





i-vf. 



aisd may thus determine tie points C and C in which the oisrve 
cute the axis of Y. 

Solving the given equation, firet with reference to y, and then 
with reference to x, we have 



2^+1 



'.^'- 



» = y - 1 ± V - 

The equations of the diameters 
_ 2^ + 1 



,.(2), 
..,.(3). 



which represent the lines DV and D'V. 

Placing the quantities under the radical signs (2) and (3), equal 
to 0, we deduce 
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Laying i 



AP = _ and drawing tlie line PV, it must be 



t to the curve at V, and since tlie coefficient of x under tie 
radical is — 4, the curve will lie on tlie left of this tangent. 

Laying off AR = 2, and drawing the liife RV, it mill be 
the liuiit in the direction of the axis of Y, and the cnrve will be 
represented as in the figure, 

y' - 2x1/ + x^ + y — 2x ^ 0. 
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1 1i. If it is required to construct the curve with accuracy ; we 
may first solve its equation with reference to y, construct the 
diamefer and determine the limit as in Art, (171)- This limit is 
tangent to the curve at Hie point in wliich it intei'sects the diame- 
ter. Solve the equation with reference to «, construct the diame- 
ter and determine the limit in the direction of the axis of Y. This 
3B also tangent to the curve at the point in which it intersects the 
diameter. Since these tangents are parallel to the co-ordinato 
axes respectively, they are perpendicular to each other and inter- 
sect on the directrix, Art. (97). Through their point of interaee- 
tion draw a line perpendicular to either diameter, it will be the 
directrix, Art. (100). Join the two points of tangency by a chord, 
this will pass through the fociM, Art. (97). With either point of 
tangency as a e^tre, and the distance to the directrix as a radiua, 
describe an arc, it will cut the chord in the focus. Art. (88). 
Through the focus draw a perpendicular to the directiix, it will be 
the axis, and the curve may then be constructed as in Art (88). 

To illustrate, let us recur to example (1) in case first, of the pre- 
ceding ai'ticle. Having 
determined the Umit5 P V 
and RV, through their 
point of intersection S, 
draw SO perpendicular 
to DV, it is the direc- 
trix ; join the points V 
and V ; with V'E de- 
scribe the arc EF cutting 
W in F, F is the focus through which the i 
parallel to DV. 



A 


/ 


K 






V ' 







175. The value of y, equation (1), Art. (168), may be put un- 
ler the form 
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Those values of*, ■which will reduce tiie radical to 0, and givu 
oqiial values of y, will evidently bo obtained, by placing 



Solving this equation, and denoting the least value of a: by j.' 
and tbe other by a", the value of y, may be put under the form 

' = - Ni^ ± S V(s- --!-)(- -■yjF^^'T ■■•■(i). 

These roofs *' and a" may be real and unequal, real and equal, 
or imaginary. 

When real and unequal. For every value of a > x" the 
fetctora IB — le" and a: — «' will both be positive, their pro- 
duct also positive, and the quantity under the radical sign nega- 
tive. The corresponding values of y will therefore bo imaginary, 
and there will be no corresponding points of the cuiTe. 

For a; ^ x", the quantity under the radical sign is 0, the 
two values of y equal, and the ordinate produced is tangent to tha 
curve si the veitex of tlie diameter whose equation is, Art. (163), 



For every value of x < x" and > x', the two factors x — x" 
and «— a' will have contrary signs, their product will be negative, , 
and tbj quantity under the radical sign positive, and there will be 
two conesponding real values of y and two points of the curve, 

For X = 1^, the quantity under the radical sign ^ain be- 
comts 0^ 'ind the ordinate will be tangent to the eurve at the otbef 
vertex a' the diameter. 
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For eveiy value of « < a^', the factors x — cc" and en ~- x' 
will he negative, their product positive, and the values of ^ imagi- 

Therefore, if two distances AP i^iid AP', represented by a;' and 
and x", be laid off on the axis of X, and through their extremities 
two lines be drawn parallel to the axis of T, these lines will be 
tangent to the curve, and no point 
of the curve can lie without them. 
Hence, to ohtaia the limits of the 
curve in the direction of the axis of 
abscissas ; we solve the equation 
with reference to y, place ike quan- 
tity under the radical sign equal to 
0, and dsduee the roots of ike equation, these toiU be the abscissas of 
Ih^ limits ; lay off i?iese abscissas, and throv.ffh their extremities 
draw lines parallel to the axis of ordinates, they will he the required 
limits. These limits will be tangent to the elhpse at the vertices 
of the diameter which bisects all chords' pai'allel to the axis of Y. 

By solving the, equation with respect to ck, we may obtain, in a 
similar way, the limits in the direction of the axis of Y. 

If the roots sf and a" are equal, we have 




(■' 



. .')(. 



: (. 



»')-, 



3 the value of y reduces to 
ix-k-d ^ 






will evidently be imagina 
', and this gives for the c 



y for every value of x except 
rresponding value of y, denoted 



, _ hx' + d 
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y and a' are then the co-ordinates of a, dngle point, to whjcli the 
ellipse in this case reduces, Ait. (168). 

^ the roots x' and x" are imaginary, the product {x — «') 
(a: — ie") ■will be positive for all values of a: * ; hence, every 
value of a', in equation (1), will give imaginary values for y, and 
there eaji be no points of the curve, which ia said in this case to 6p 
imaginary, Art. (163), 



I'ze. An equation of an ellipse being given, the curve may be 
well represented by following the rule laid down in Art. (I'lS). 



Examples. 
First, -when x' and x" are real and unequal. 
1. y" — 2«/ + 2x^ + 2y ~ X = 0, 

in which i' — ■ iac := 4 - 




* Note. — To prove this, we have only to recollect that imaginary n 
always enter au equation in pairs, and must be particular cases of 
general form 

the factors corresponding to which are 

s-(b + *-vA^ and x-ia-6^/^^:), 

Iheir product being 

which is evidently positive for all values of .-c, since it is Ih^ sum of i 
perfect squares. 
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' = AP' 



■i-vi- 



2. '!/^ — ixy + 2a!' — 2y — Zx = 0. 

3. y'' + 2xy + 2^;^ — 2x ~ 0. 

4. 2j/S - 2Ky + 3a;= + 2y + a' + 1 = 
Second, -when x! and x" are real and equal. 

1. y^ — 2sy + 2a;= — 4a; + 4 = 0. 

3. y* + a;^ — 2a; + 1 = 0. 

27Mr(^, fc/tCTi a;' and x" are imaginary. 

1. y^ + a;y + *'^ + a; + y H- I = 0. 

2. !/* + a!^ + 2.1; + 2 = 0. 



177 In iid''i ti constiutt the 
equation w t!i itfeifence to / loh 
struct the diAmetci vaci det^i 
the abscissas of the hmita ja in 
Art. (175) Sulstitutmg thes., in 
eithei the equation of the :,uivo oi 
diametei, we find for the ordmatos 
of the vertices V and Q, 




W + d 



Substituting these in expression (2), Art. (17), we liavo 

* ia^ 2a 

Since this diameter bisects chords parallel to the iixia of Y, its 
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conjugate will bo V'Q', passing through the ccntro C and parallel 
to AY, Art. {143)- If we denota the abscissa of the point C by 
I, and substitute if in eqiiafion (1), Art. (iTo), we have for the 
corresponding values of y, P"V' and P"Q', 

6s + rf 



The diiFerenee of these two values is the_length of V'Q' ; I 
or substituting for s its value, which is evidently 



V'Q' = ^^^V4a« - h\ 
2a 

The length and position of these two conjugate diameters being 
now known, the curve may be constructed as in Art. (150). 

The angle V'CQ, m&de by the conjugate diameters, may be 
readily measured, since the tangent of the angle CDP", in any 
position of the diameter, will have the same numerical value as 

tang a, and therefore be equal to — — taken with a positive 

2a 
sign ; whence, by a reference to a table of natural sines, &o, ODP" 
becomes known, and since 

V'CV = 90" - CDP", 



V'CQ ^ ISO" - V'OV = 90° + ODP". 
The two conjugate diameters and the angle made by them 
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being thus known, tlie curve may be constructed as in Art. (150), 
or tlie axes as well as tlie angles a and a' may be detoiinined 
from equations (l), (2), and (3), Art. (ISV). 

I%e Hyperbola v)'h£ti i' — im is positive. 
11%. Let us resume tiie value of y, equation (1), Art. (175), 



' = it- * S'l'C' - *")('• - «')("' - ■•") (")• 

in which, n e ]ini-.t remember that x' and a^' are the values of x 
obtained bj pldcing the quantity under the radical sign, in the 
genera! value of y, equal to zero, and that they will be real mu/. 
%miequal, leal and eqtud, or imaginary. 

JVkeni eal and unequal. For every value of a; > x", the 
factors x — x" and x ~ x' will both be positive, and the 
quantity under the radical sign positive. The corresponding 
values of J/ will therefore be real and unequal, and there ivill be 
two corresponding points of the cittve. 

For X = x" the quantity under the radiciil sign is zero, and 
the corresponding ordinate produced will be tangent to the curve 
at the vertex of that diameter whieli bisects chords parallel to the 
axis of Y, Art. (168). 

^or every value of x < x" and > x', the two factors 
will have contrary signs, their product will be negative, and the 
corresponding values of y imaginary, and there will be no corres- 
ponding points of the curve. 

For X = x', the corresponding ordinate produced, again be- 
comes tangent to the curve at the other vertex of the above di- 
ameter. 

For every value of a^ < «', the factors will both be negative, 
their product positive, and the corresponding values of y real. 

Therefoi'e, if two distances AT and AP', represented by x" and 
x", be laid off on the a«3 of X, and through their estremities two 
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lines bo drawn parallel to 
the axis of Y, these lines 
will be tangent to tl\e cutve, 
no point of the curve wiU 
lie between them, and the 
curve will extend to infinity 
in both directions without 
them. Hence, we obtain 
the limits of the hyperbola in the direction of either axis of co-ordi- 
nates in the same way as described in Art. (iVo). 

Ifihi roots x' and a.-" are eqital, the value of y, equatioa (1), 
ss in the corresponding case in the ellipse, Art. (175), reduces to 



2ffi 



-V^ 



which will evidently be real for eveiy value of x. Tliis equation 
thea represents two right lines laliick intersect, and to wMch the 
hyperbola in this ease reduces. 

If the roots a^ and x" are imaginary, the product {a — x') 
(s; — m") ivill be positive for all values of x ; [see note, Art. 
(175)], hence every value in equation (1), will give real values 
for y, and two corresponding points 
of the curve, and there ivill be no 
,^ limits in the direction of the asis of 

X, as was to he expected, since the 
abscissas of these hmits x' and a/' 
^~^ are imaginary. It also follows, that 

the diameter which bisects chords . 
paralleS to the axis of Y, has no 



vertices, or does not intersect the curve, which must b 
sented in the figure. 



repre- 



170. An equation of an hyperbola being given, the curve may 
ba well represented by following the rule laid down in Art. (1 "i'S). 
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s. 



:=+ 2x— 2j/H-1i= 0. 



: 0. 



i. y" — 2x>/ — ac' — 2y + 2s + 3 : 

Second, when x' and x" are real and equal. 

1 3,5 _ 22» + 23- + 1 = 0. 

2. y= - iK' = 0. 

3. J/' + i«y — 2a;' + 3« — 1 = 0. 
27ij)'(7, wfteis i^ and x" are imaginary. 

1. y'' ~ ixy — ^ ~ 2 ~ 0. 

2. y' + 2;iTJ/ — a;^ + 2e + 2y — 1 : 

3. y^ — ixy — a.'^ — 23f — 2 = 0. 



180 ITie curve may also be constructed accurately, by first 
determming the length and posiiion of two conjugate diametere, 
pipci&elj ii 111 Art. (177). The expressions for these diameters 
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will be the same as those determined for the ellipse. Fur ihc 
distance cut off by the curve oa the one which bisects elionls 
parallel to the axis of Y, we have 



and ou its conjugate 



the first of which will be real, and the second imaginary, when *' 
and x" are real, and the reverse when x' and x" are imaginary. 

In this case, fie angle VCD [see figures in Art (ITS)], inclu- 
ded between the two conjugate diametei's, is always equal to 
90° — CDA. But we know that tang CDA is numerically equal 

tx) tang a ^^ ~ "We therefore have 

2a 

tang- VCD = cot a, 

from which the angle may at once be found, and then the curve 
be constructed as in Art. (150), ot the axes, together with a and , 
a', may be found from equations (1), (2) and (3) of Art. (158). 



D DIAMETERS. 

181. Ths centre of a curve is a point, through ■mhich, if any 
straight line be dravm, terminating in the cwve, it laill be bisected 
at this point. 

It follows from this definition, that for each point, as M, of a 
cnrve which has a centre, there will be anotlier corresponding 
point, as M', on the opposite aide of the centre and at the same 
distance from it. If tlierefore the origin of co-ordinates be placed 
at the centre, tlie co-ordinate-s of these two points will be equal 
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witli contrary signs ; that is, if the 
co-ordiaatea of one point jiie + x' 
and + y', those of tJie other will be 
— 3!* and — y', and the equation 
of the cui've must be satisfied by 
the substitution of each of these 
sets of co-ordinates. But, this can 
not be the case, unless all the 

terms of the equation containing the vaiiables are of an even de- 
gree ; for if some ai'e of an odd degree, the signs of these terms 
■nill he different when — x' and — y' are substituted, from what 
they ai'e when + s' and -{- y' are substituted, while those of an 
even degree will remain the same. It is eyident then, that fie 
equation can not be satisfied, in both oases. 

In order then to ascertain whether a given cnvvc has a centre, 
we fii'st examine its equation and see if all its terms are of an even 
degree with respect to the variables. If they are, the origin of 
co-ordinates is a centre. If they are not, we substitute for the va- 
riables their values taken from the formulas (2), Art. (G7), and see 
if such values can be assigned to the arb triry constints o and S 
as will cause all the terms of an odd deg ee to disappear It so 
the curve will have a centre at the new ongi ^n 1 the ol es ot 
a! and 6' will be its co-ordinates when refe ed to the i r m t e 
systeni. If no real and finite values c b thus ^s^nel,tle 
cun'e will have no centre. 



182. To ap))]y the above principles to lines of the second or- 
der, we resume the general equation 

ay^ -i- hxy + cs^ -f rfy -{- «3: -f- / = 0, 

and substitute for sc and y tlieir i-alties taken from the formulas 
of Art. (6'7}. 
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wo thus obtain, after reducing, and denoting the sum of all I 
terms independent of the variahles by/'. 

The terma of this equation will all be of an even degree, if 
2ah' + ha' + d = Q, 2ca' + bh' + e = 0, 

which give for a' and b', the \alues 

, 2a£ — hd ,, 2cd — be 



b' — 4a<; 6' — 4ac 

These will he real and finite when h^ — iac is not zero, from 
which we conclude that there is always a single centre for each 
ellipse and hyperbola. 

When 6' — ice = 0, and the numerators are not zero, 
(he above values reduce to infinity ; from which we conclude that, 
in general, the centre of tlie parabola is at an infinite distance, or 
that the parabola has no centre. 

Tf S' — 4ac = and 2ae — hd = 0, wo must also 



2cd — be = 0, 
for by substituting in this the value of (^ = 
last expression, it becomes 

4aee t, _„ n (^"^ 



hence, in this case the two values of a' and h' both become _ , or 

' 

tTtdelerminate ; from which we conclude that there are an jnfinite 
number of centres, which was plainly to be anticipated, as in this 
case the parabola reduces to two parallel right lines, Art. {1 VI), 
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and any point of the diameter midway between them will fulfil the 
coiidition of a centre. 



18,1, A diameter of a curve is any straight line wMch bisects a 
syslem of parallel diai-ds drawn in the curve, Art. (100). 

In lines of the second order, if the axis of X he a diameter and 
the axis of Y be placed pai-allel to the chords which this diameter 
bisects, it is evident that the equation of the cui've, when referred 
to these ases, must be of such a form as to give for each single 
value of a, two values of y, equal /r 

with, contraiy signs. Thus if AX / 

be a diameter, taken as the axis of / /"~~p^ 

X, and AY be parallel to the chords 
whicli AX bisects, then for each 
value of X as Ap, the two corres- 



'yi^ 



ponding values of y, p» andjim', must bo equal witJi contrary 
signs. This can not be the case as long as the equation of the 
curve contains any term with the first power of y. The reverse 
is also trae ; for if the equation contain no term with the first 
power cf J/, for each value of ar there will be two equal values of y 
with eonti'ary signs, and these two values taken together wi!l form 
a chord bisected by the axis of X. This axis will therefore be a 
diameter. 

The same reasoning will show that if the axis of Y be a di- 
ameter and the axis of X parallel to the chords which it bisects, 
tie equation of the curve can contain no term with the first power 
of*. 



184. Let us now take the general equation of the second de- 
gree, Art. {16Y), and seo if by any change of the position of the 
axes of co-ordinates, we can make either of these axes a diameter. 
For this purpose, let us substitute for ic and y, their values taken 
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from formitlas (3), Art. (67). The new equation, leaving u;d the 
clashea of the Taviables, will be of the foim, 

my^ + pxy + jm^ + ^y + ra: + s = 0, 
in wtich 

m = (a taiig'^ a' + 6 t.ang a' + a) cos' a' (1). 

n = [a tang' a + b tang a. -\- c) eos' a (2). 

p = (2a tangat3nga' + i(taaga+tangtt') + 2c)cosacosffi'...{3). 
q = |;(2tf&' + fid' + d) tang k' + (2ca' + hh' + e)]coB ci'...(4). 
»■ = [(3a6' + te' + rf) tang a -f- {2ca' + 6t' + «)] cos ffl...(5). 

If now the asis of X is a diameter, and the axis of Y parallel to 
the chords which it bisects, we know, from the preceding article, 
that we must have 

^ = 0, y = 0. 

We have tlien to assign such valnea to the arbitrary quantities 
IX, a', a' and i', as will satisfy the equations 

2a tang a tang a' + 5(tang k + tang tt') + 2c = (C), 

(2ah' + ha' + d) tang k' + 2ca' + W + e ~ (7), 

and whatever the carve is, this can in general be done ; for any 
value assigned to a in equation (6), taken with the corresponding 
deduced value of a', will of course satisfy this equation. Tang a' 
being thus fixedj equation (7) can only be satisfied hy means of 
values attributed to a' and 5'. But any value of a' taken with the 
corresponding deduced value of &" will satisfy this equation. 

In the same way it may be shown that if the axis of Y ia a di- 
ameter, and the axis of X parallel to the chords which it bisects 
wo must have 



and tbat these equations can always be satisfied. 
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If both of the axes of co-ordinates ai'e diiuneters, at tljf same 
time,. and each parallel to the chords whicli ihe other bisects, wo 
must liave 

p = 0, 5 = 0, )■ = 0. 

We have seen above, that it is always possible to satisfy the 

equation p = 0, (6), by assigning at pleasui'e a value to 

either a. or a', and deducing the eorrespondiBg value of the other. 
These two angles being determined, a proper direction is given to 
the new axes of co-ordinates, while the now ori^n is yet to be fixed, 
Fo that we may have at the same time 

9 = 0, r = 0; 

{2ab' + ba' + d) tang a -f (.ci -\ 11 + f) = G 

(2b6' + bf + ;) tan a + (2ra + *i + <-) == 

Tliese eq.u n 1 ^ th Bime ex eyt th t tan^ a. in )u 
occupies the j 1 f td cc' m the othu t I'j l\ di' if tl v c n 

not both be s t fi d t th mc t mc nnl 'S we 1 ■up the tern " 
separately eq ■*] t th t 

2ab' + la + i = 2ca' + bb' + e = 0, 

which give fo 1 ' th lues 

~ n „ icd — be 



! — i b"^ - iac 

We recogn tl 1 is the co-ordinates of the centr.' of 

the curve, A t (18 ) 1 th refoi'e conclude that the new origin 
must be at the centre, and that the new axes are conjugate di- 
ameters, Art. (143), And since the above values are finite only 
for the ellipse and hyperbola, and infinite for the parabola, we con- 
clude that both of the co-ordinate axes may he diameters at the same 
time in the ellipse and hyperbola, but not m the parabola. 
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And since there are an infinite number of values of v. and a. 
which will fulfil the above conditions, we conclude that in the eUijise 
and hyperbola, there is an infinite numier of conjugate diameters. 

We have seen above that equation ^ ^ 0, being saUsfietl, 
tlie axis of X will be a diameter, if we also have 

g = 0. 

If in this equation (7) we regard a' and 6' as variables, it will 
be the equation of a straight line, and any values of a' and h' 
which are the co-ordinates of a point on this line will satisfy the 
equation, Art. (23) ; hence, the new ori^n may he any where or. 
this line. But this new origin must be on. the new asis of X, and 
may he any where on this axis, {now a diameter of the curve). 



q = 0, 

must he the equation of this new axis of X, or diameter, referred 
to the primitive axes, a' and b' being the vai'iables. 

If tiieasis of Y be made a diameter, similar reasoning will show 
that r = will be the equation of this diameter. 

The fact that 5 = is the equation of a diameter, leads to 
two important eon elusions. 

First. Since by assigning all possible values to a.' this equation 
may he made to represent aU possible liianieters, and since the co- 
ordinates of the centre. Art. (182), when substituted for a' and h', 
in this equation, must satisfy it, as they were obtained by placing 

2ab' + Im' + d = 0, iea' + W + e = 0, 

we conclude that ever^ diameter passes thi-ough the centre. 

Second. If any straight Une he drawn through the centre, and 
the origin of co-ordinates he placed at the centre, and the right 
line be taken as the axis of X, the values of a' and b' will satisfy 
the equation q = 0; and the position of the line being given, 
re is linown, and the corresponding value of a', deduced from the 
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cqusitiwi p =^ 0, will satisfy it also and give a propei' direetioa 
to tlie axis of Y. Both of these equations l>eing thus satisfied, we 
ooDclude that the right line is a diameter ; heace, everi/ right line 
passinff ihrQUffh the centre is a diameter. 



185. We huv« seen in the preceding article, that hoth axes of 
co-ordinates can not be diamefera in the parabola, h^t that the axis 
of X will he a diameter and the axis of Y parallel to the chords 
which it bisects, when 

p = 0, ? = 0, 

and as the equation when referred t« these axes is stil! the equation 
of the parabola, we must have, Art. (1G9), 



and since ^ =; 0, — 4mn. must equal 0, But m can not 
'be 0, for if it were, the equation referred to the new axes would 
reduce to 



which is the equation of no curve ; hence, 'lue must have n ^ 0, 
and the equation will redu^ to 

my' + ra + s = 0. 

Hence, in the parabola to = ia a condition consequent 
apon ^ = and q ~ 0. 

This fact may be verified thus : Since in the parabola all di- 
ameters are parallel, and make with the axis of X an angle whoso 
tangent is - A , Ai-t (172), and since the new axis of X is 
a diameter, we h:we 

tanga = - _. 
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Substituting this value in equation (2), Art. (184), we have 



Tf the asis of Y is a diameter, it may be proved, in the same 
way, that we must have m, ^ 0, and that the equation of the 
pai'abola, will take the form 

iwr* + ?y + * = 0. 

It may he further remarked, that any value whatever being as- 
sumed either for taw/ a. or tang a.' and substituted in eijuation 
(6), yrsWjfor ike parabola, give — — for the value of the other. 

Also, if — — he substituted in the same equation for tang a. 
2a 

or tang a/, the corresponding value of the other will be -, or in- 
determinate. This is evidently a consequence of the parallelLsm 
of the diameters of the parabola. 



186. The term loms, ia Analytical Geometry is applied to the 
line or surface, in which are to he found all of the positions 
of a point or line, which changes its position in accordance with 
some determinate law. 

Thus, if a point is moved iu a plane, so that it shall always he 
at the same distance from a fixed point, tke loeus of the point will 
be the circumference of a circle. 

Also, a plane tangent to a surface s.t a given point, is the locus 
of all right lines drawn tangent io lines of the surface at this 
point. 
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18?. The determination of the loci of points, -ivliicli are moved 
in a given plane subject to certain conditions, gives rise (o a great 
variety of interesting problems, several of whicii it ia proposed to 
solve and discuss in detail, for the purpose of indicating to the stu- 
dent the general metliod to be pursued in the solution of all. 

It should be remarked, that pains should be taken to select tlie 
best position for the co-oi'dinate axes in each problem, as its solu- 
tion may be thus mviob simplified. 



188. Problem IsL To determine the locus of a point, which 
in any of its positions is at equal distances 
from a fixed point and fixed riglitline. 

Let F be the given point and BO the 
given right line. Through F draw FB per- 
pendicular to EC and denote the known 
distance FB by p. At the middle point of 
FB ereot AT perpendieulai' to it and take 
AX and AY as the co-ordinate axes. Let 
M be any position of the inoving point, the co-ordinates of which 
are AP = X, and PM = y. By the conditions of the prob- 




-v/mf' + Fl^' = V y' + (^ - H^'- 



MC = BP =: BA -h AP = :s -f ' 
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sjf + (' 



Squaring both meinbers and reducing, we obtain 

j/S = 2px, 

an equation expressing tlie relation between *■ and y for all posi 
tiona of the point M, It is therefoio the eq^uation of the locus, 
which is a parabola, Ait, (88). 

189, Problem 2nd. To find the locus of a point moving in 
such a way, that the sura of its distances from two given points 
shall always be eqiiai to a given line. 

Let F and F' be the two given points, and 2c the distance be- 
tween them. Let 2a represent the given line. 

At C, the middle point of FF', erect the perpendicular CD and 
2f take OF and CD as the eo-oi-dinaf^ ases. 

Let M be any position of the point and 
/l^ denote its co-ordinates by x and y, and 
-*" ^ "'-'' denote by r and r' the distances from the 
point to F and F'. 

The right angled triangle FMP gives 

M' = MP* -f FP*, 

<», since CF = c, 

r^ = r~ + {^ - ^r- 

in the same way the right angled triangle F'MP, gives 

r'9 = y^ + {X + cf. 
Adding these two equations, member by member, we ha^a 

r^ + r'« = 2(j^= + x" H- c") (I), 

and subtracting them, 
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r" — r^ ^ Acx, or {r + r') {r 
But by the condition of the problem, 



r') = 4a) (3). 



Substituting this in equation (2), wc have 
Combining this with (3), wo dcduco 

■" = « + ", '' = '-" <*'• 

Sq^uaring these values and substituting in (I), we obtain 
«^ + -^ = V' + x" + c^ 

^Y + (a« - c^) ^' = a' {a^ - r% 
>r putting 6= for ct' — c'', 



the same as equation («), Art. (305), and the locus is an ellipse. 

190, Froblem Sd. To find the locus of any point of a ^ven 
right line, which is moved so that its extremities shall be con- 
stantly in two other right lines, at right angles to each other. 

Let AX and AY be the two right lines at right aBgles, and M 
any ]xiint of the given line CB. Denote the 
distance BM by o, and MO by b. Take AX 
and AT aa the co-ordinate a:scs and let 
AP = X, PM = y. 

Since MP is pai-allel to AB, we have 



PC : MO : : AP 



BM, 
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•(5- 



wLioIi is evidently "tbe ec[uation of an ellipse wliose somi-tvans verse 
axis is BM and semi-conjugate MC. 



191. Frohlem, ith. To find the locus of the centresof all cir- 
cles which pass through a given poiist and are tangent to a given 
right line. 

Let M be the given point, and BX the given line. Through M, 
draw MA perpendicular to BX, and 
let AX and AM be the axes of co- 
ordinates. Denote the- ordinate 
MA by p, the abscissa of this point 
■^ will he 0. Let G be the eenti'c of 
one of the circles and denote its co-ordinates hy x' and y'. The 
equation of this circle, Art. (34), will be 

(-r - ^0' + (y - vT = li'- 

But since it passes tliroiigh the point M, the co-ordinates of this 
point will satisfy the equation, and give 

*'* + {? — vT = ^"f 

and since the circle is tangent to BX, we have H = y' ; hence 
3-13 + {p - y'Y =-- y's. 
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wbidi expresses the relation between "J^ and y' for any position of 
the circle, it is therefore the equation of the locus. 

If the origin he now transferred to V midway lietweeii M and 
A the formulas (2) of Art. {61) hecome 



X' - ?. y' = y + ^-, 

the suhstitution of which gives 

the equation of a parabola of which M is the focus and BX the 
directrix, and this is evidently another method of ennndating and 
wiving problem 1st, Art. {188), 



192, Problem Sth. To find the Joeiis of the intersection of 
right hues, drawn from the extremities of the transverse axi^ of a 
py^n ellipse, to the extremities of chords of the ellipse perpendic- 
ular to the transveree asis. 

Let ABD be the given ellipse and DD' any chord perpendicular 
to AB. Through D and D' 
draw the lines AD and BD', 
it K requhed to find the locus 
of M, tlieir point of intersec- 
tion. Let the eqnation of the 
given ellipse be 




and denote the co-ordinates of the point D by x' and y'. The 
equation of condition that this point shall be on the ellipse will be 
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T]ie equation of tfio right line AD, passing througli Iho two 
pointa A and D, Art (3!), will be 

y = _^(,^ + «) (2), 

and of tlie Sine D'lS, 

,j = s:-^{, ~ .) (8). 

Multiplying tkese equations, member Ly menibei', we Lave 

-A^' - ^') (4), 



- y'^ 



in which y and a; are the co-ordinates of the point of JEtersection, 
for the two particular lines AD and D'B. If y' and x' be elimi- 
nated fixiro this equatJon, it is evident that y and x will belong to 
no parfculsp lines, but will be the co-ordinates of the point of in- 
tersection of all the lines which fulfil the required condition ; and 
the resulting equation will be the equation of the required locus. 
Substituting the value of y" talten from equation (1) in equation 
(4), it reduces to 

which is the equation of an hyperbola iiaving the same ases as tlie 
given ellipse, Art. (105). 

This method of determining loci, by combining two equations 
belonging to particular lines, so as to eliminate tbe arbiti'ary con- 
stants which sei-ve to determine tlie position of the lines, thus de- 
ducing an equation independent of these constants, and therefore 
belonging to all lines which fulfil the required condition, is of fre- 
quent use. 

193, PrcMem 6tk. If from the oxti'emitv of a diameter of a circle 
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any straight line, 33 All, lie drawn until it 
intevseots the tangent BB at the other ex- 
tremity, and tJie distance AM be laid off 
equal to NK, it is required to iind the 
locus of M. Let A be the origin, and 
AE and AY the co-ordinate axes. Let 
AB = 2a, AP =ix, PM = y. Then 
drawing NP' parallel to MP, we have 




AP : PM : : AP' : F¥. 



Also, p 



AM 



= N"E, AP - P'E, 



PN" = VP'Ji X AP' = V:f(2« " 
The above proportion then becomes 



^ 2a - a: 



for the equation of the locus. The equation being of the third 
degree, the line is of the third order. Art. (!i3). 

All negative values of x give imaginary values for y. 

a; = gives y ^ ± 0. 

Each positive value of a: < 2a gives two real values of y, 
equal with contrary signs. 

X -^ %a, gives y ^ ± co , 

All positive values of a: > 2a give imaginary values for y, 
and the curve is as indicated in tbo figure, the line BB being an 
asymptote, Art. (161). It is called the Ciasoid of Diodes, 



104. The following problems may be solved i>/ puj 
methods similai- to those indicated in the preceding articles. 
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Y. To find the locus of a point moving in sucL a way, t}!iit, th( 
difference of iis distances from two given points 411311 alw.ays ba 
equal to a given line. 

8. Given tlie line AE and the two lines 
DB and AD', to find the locus of M moving 
so that MP shall be a mean proporliooal 
between PC and PD. 



9. Given the base of a triangle and the difference of the angles 
at the hsso, to find the loeus of the vertex. 

10. Given the base of a tiiangle, to find the locna of the vertex 
when one angle at the base is double of the other. 

11. To find the locua of the point of inter- 
section of a tangent to an ellipse, with a per- 
pendicular let fall upon it from either focus. 

12. Given the semi-circle ASB, to find the 
locus of .the point M, so that we may always 



AP 



PS :: AB 



PM. 



13. Given the indefinite right line AB, 
the point 0, and the perpendicular CD, to 
find the locus of M so that we may •dways 
have MR = AD. 



■ SURFACES OP RRVOLUTION. 



195. A surface of revolutiort, is a mirface lohick ■may he gene- 
rated hy revolving a line about a right line as an axis. 

By revolving, ia to be understood, moving the line in such a 
manner, that each point of it will generate the circumference of a 
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circle whose centre is ia the axis, and whose plane is perpendioiiiar 
to the axis. The moving line is called ike generatrix. 

From the definition it follows, that every plane perpendicular 
to the axis will eut a circle from the surface. 

Eveiy plane passed through the axis will cut from, the surface 
a mei'idian carve, or line, and if this be revolved about the axis it 
wall generate tlie surface. 



19G. In order to obtain tbe general equation of a suiface of 
revolution, Art, (Si), let us take the axis of the surface for the axis 
of Z, and the co-ordinate planes at right angles. The general 
equation of the generatrix will then be, Art. (52), 

' = /{'), ) = m (1), 

and lot r denote the distance of any point of tliia line from the axis. 
Since, from the nature of the surface, this point in its revolution 
must dGScribe a circle whose centre is in the axis of Z, and whose 
plane is perpendicular to this axis, that is parallel to the plane XY, 
we must have in every position of the point, 

<B» + y« = »^ (2), 

and since this point is on the generatrix, the values of x and y 
taken from equations (1-), must fulfil the condition expressed by 
equation (2), and give 

W -^l^t = ^■'- 

Equating these two values of f', we have 

«■ + y' =:«• + 7W- (3), 

an equation expressing the relation between the co-ordii ates of the 
point in all of its positions. It ia therefore the equa'.ion of ike 
mrfaee, in which /(«) and f{%\ are the values of x and y ob- 
tained by solving the equations of the generatrix. 
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197. To illustrate, let us find the equation of a aiirface gene- 
rated by revolving a right line about an axis not in the same plane 
with it. 

The 8X13 of revolution being taken aa the axis of Z, we may 
take for the equations of the generatriK, Art, (44), 

X = a% + n, y = bz + f3, 

from which, we have 

/(.) = az + a, /(.) = bz + ^. 

Substituting these in equation (3), it heeomos 

x^ + r = {«■= + «)= + (fe + /3)'. 

If the axis of X be assumed perpendicular to the generatrix and 
intersecting it, the projection of the generati-ix on the plane XZ 
will be parallel to the axis of Z, and its projection on the plane YZ 
will pass through the origin of co-ordinates ; hence, Art, (45), we 



and the above equation Ijccomes 



,.,(1). 



If we intersect this surface by a plane pai'allel to XY, the equa- 
tion of which, Art. (62), is 

ir = c, X and y indeterminate, 

we shall obtain, Art. (U2), 

x'^ + ^j^ = bV + o.\ 

for the equation of the projection of the intersection on the plane 



XY, which represents a circle whose radius is VbV + n,' 
Act, (35) ; and this circle will bo real, whatever he the value of c 
and the smallest possible when c = 0, in which case the cul 
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(.ing plane is the plane XY, Art. (62). And since this projection 
is equal to the interaection itself, we see that every intersection by 
a plane perpendicular to tie axis will be a circle, as wc know it 
should be, from the deflnitioa of the surface. 
If we mate y = in equation (l), we have 



t'ov the intersection by the plane XZ, Art. (62). 

If we make a: =: 0, we have for the intei^ectJon by the 
plane YZ, 

and these are evidently the equations of two equal hyperbolas, the 
conjugate axis of each lying on the axis of Z, Art. (105). And 
since the surface may he generated by revolving eitlier of th^e 
meridian cui-ves about the axis, it is called a hyperbohid of revolu- 
tion of one nappe. Of one nappe, since, as is readily seen, it forms 
one uninterrupted surface. 

108. If the generatris is in the plane with the axis of revolution, 
this plane may be talsen for the plane XZ, and as before, the axis 
of revolution for tho axis of Z, in which case the equations of the 
generatrix will he, Art. (52), 

' = A'), y = m = ». 

and equation (3) of Art. (106) will reduce to 

"'- + s- = M (1), 

in which /(s) is the value of a deduced from the equation of (lie 
generatr'j:. 

1. llie equation of a right line in the plane XZ, and passing 
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tliroiigh a point on the a 



s of Z, whose co-ordinates are x' = 0, 
s' = e, will be, Ai't. (2S), 

from wliich we iiavc 

/ This substituted in equation (l), gives 

^. + J. = .■(. - .)., 

foi' the eqiiation of tie cone generated hy revolving the right line 
about the asis of Z. This equation may he put nnder the form 

(,' + rti = {. - .)■, 

or denoting the angle made by the generatrix with the base by v, 



whence 

(*■« + y=} tang" V = {z ~ c)% 
the same equation as that deduced in Art. (80). 

2. If ihe axis of a parabola in the plane XZ, coincide with the 
axis of Z, aad its vertex be at the origin of co-ordinates, its equa- 
tion ivill be, Art. (84), 



from whieh wo have 

y(^) = 1/2^, 'M = 2j:«, 

whieh substituted in equation (1), gives 




cibyGoogle 



x^ + y-^ = %jn, 

for liie equation of tlie surface generated by revolving a parabola 
about its axis ; called a paraboloid of revolution. 



Uipse, ill the plane SZ, lies o 
i the origin of co-ordinates, i 




3. If the tj 
Ihe axis of Z, and its centre is a 
■equation will be, Art. (105), 

whence 

and this in equation (1), gives 

«• + .,< = ? (»' - 1'), or «V + >■) + hV = ..■i<...(2), 

for the equation of a surface generated by revolving an ellipse 
about its transverse axis. 

Tf the conjugate axis of tlie ellipse lies on the axis of Z, the equa- 
iljon will be, 

aH^ -f 6%= = a%^, whence x^ = j^i (*^ — ^^> = fi^~' 
and the equation of the surface 

h\x^ + y") + <t'J^ = a^h"" (3), 

These surfaces are called ellipsoids of revolution, ; or spheroid!:. 
The first is tlm piolute and the second the oblate sphm-oid. 

If in either of equations (2) and (3) we make a =: 6, the 
pDipso becomes a urcle, and the equation reduces to 

^ 1- 7' + ^' = c^ 

for (Ac equation of a sphere. 

4. If in equations (2) alid (3) we change 6° into — h^, we have 
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The first represents the surface generated by revolving an hyper- 
bola about its transverse axis, or hyjicrboloid of revolution of two 
wtppes. Of two nappes, since it consiste of two distinct parts, one 
being generated by.ono branch of the hyperbola, and the other by 
the other branch. 

The second represents the surface generated by revolving the 
hyperbola about its conjugate axis. Its equation, after dividing 
by 6', becomes 

of the same form as equation (1), Art. (197). From which we see 
that this surface may not only he generated by revolving an hyper- 
bola about its conjugate axis, but also by revolving a right line 
about another, not in tho same pl.ino ivith it. 



OF SURFACES OP THE SECOND OKDER. 

199. Surfaces, like lines. Art. (33), are classed into orders ac- 
cording to the degree of their equations. 

We have seen, Art. (57), that the plane is the only surface of 
the first order. 

The equation of every surface of the second order must be a 
partieiilar case of the most general equation of the second degrea 
between three variables, 

m'j? + mf + pi^ -\- m'x>j + n'ax + p'iji 

+ m".x+ n"y + p"x + I == (I), 

whicii, for the same reason as that given in Art. (IC7), may be 
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considered as referred to a system of co-ordinate places at right 
angles. 

PcHnts of the surfaces may he determined as in Art. (55), by 
a^igniag values to x and y, and deducing tlie coirespoiiding valnes 
of e ; but the nature of the surface will, in general, be best ascer- 
tained by iittei'seetiiiig it by planes and discussing the curves of in- 
tersection thiis obtained. 



200. If we combiiie the above equation, with the epilation of a 
plane having any position, Act. (55), and then refer the line of in- 
tersection to co-oi'diuate axes iai its own plane, the resulting equa- 
doa wijl be of the sacond degree. For one of the eqijations being 
of the first, and the other of the second degree, the I'csult of their 
■combinalion wi31 neeeasarily be of tie second degree. We there- 
Sore conclude, that the line of intersection of any surface of the 
second order by a plane, is a line of (Ae second order, or one of the 
conic sections, Art. (IJO). 



Wl. Ill the surface represented by the genoral equation of 
Art. (199), eoneeive a system of parallel chords to be drawn. The 
eC[natloos of one of t^ese chords will be of the form, Ait. (44), 

a: = (K! + f<, !>=6z-f ;Q ..(1), 

and these equations may be made to represeat any chord of the 
system, by giving proper valaes to a and /3, a and 6 remaining un- 
changed. If equations (1) becombined with the genei-al equation 
(1), Art. (19B), and x and y be eliBunated, a result will be ob- 
tained of &(! ferm 

^ + I" + 7 = "' 

In whicb the two valnes of s will be the ordinates of tui rjoints ie 
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wHcli the cliord pierees the surface. IE a', y' and z' denote the 
co-ordinates of the middle point of this chord, siuoo z' will equal 
ihe lialf sum of the two values of a, we sltall have 



or putting for s and r their valiies, as found hy the aetuaJ combs- 
nation of the eq^ualions, 

^, ^ __ a(2mffi + i n'h +w') + g(2ji6 + m'a+p') + m"a + n"b -j-p " 
2(ma» ^nb^ + p + m'ah -{- n'f^ ^ fh) 

Since the point (a', y', 2') is on tJje ckord, we also Lave 

a' = 02* + a, y' = h%' + ,S. 

If now these throe equations bo combined, so as to eliniinato a 
and /S ; x\ y' and s' will belong to tJie middle point of no pai'ticii*- 
lar chord, and the resulting equation will therefore represent the 
locus of tlie middle poials of all the chorda of the syeteia, Art. 

{102). 

Combining the equitiins, bj substituting for a, and /3, in the 
first, then \alues tdken from the last, ne obtain after I'eduction, 

■rj = { l"<j-\-ixh l-ii). +f"»6 Vma+p^)y•-^m>'a■>rn•'h^p' 

which is the eguaMon of a plam, Art, {S"!), We therefore cob 
elude, that every system of parallel chords of (he surfaee may he 
bisected by a plane. 

In order that this plane shall he perpendicular to the ehorda 
ithich it bisects, we must have the two conditions. Art. (59), 

_ 2mr( + vi'b + »' 1 __ 2nh + m'a + p^ 

2p -^ n'a + p'b' ~ 'Ip + n'a -f ?/i' 

and these equations can always be satisfied hy at least one set oE 
Tea! lalues for a and b j for if they be combined and either a or h 
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elimimtrd there will result an equation of tlie ttird degree, 
containing the other, which must have at least one Teal root, and 
mty have three. Hence, in every surface of the second order, there 
ts at littiC oite plane which is perpendicular to the system of chords 
which it ItSLCis. 



203. Let snch plane he taken as the co-ordinate plane XY, 
tlie axis of Z heing perpendicular to it, that is, parallel to the 
chorda. This plane will intersect the surface in a line of the second 
order. Art, (200), the axis of which may he determined as in Art. 
(100) or (154). Let this axis be taken as the axis of X and a 
line, perpendicular to it in tho plane XY, as the axis of T, and 
suppose the surface to he referred to this new system of co-ordi- 
nate planes. 

Since the plane XY bisects a system of chords parallel to the 
axis of Z, the equation of the surface must be of such a form, that 
for every value of x and y, it must give two equal values of z with 
contrary signs. It can therefore contain no term involving the 
fii-at power of z, Art. (183). We must then have in the general 
equation of Alt (199), 

n' = 0, p' — 0, p" = (1). 

And since the axis of .X bisects all chords in the plane XY, par- 
allel to tie axis of Y, the equation of the surfece must also be oi 
such a form that for all values of x, (a being equal fo 0), there must 
be two equal values of y with contrary signs. The equation can 
then contain no term involving the first power of y. We mast 
therefore have, in addition to the above equations (1), 

and the general equation (7.), Art. (190), must reduce to the form 
m^ + ny" ^ pz^ 4 m"v \- I — (S) : 
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and as the above transform ations are always possible, tHs equation 
may be mads to represent all surfaces of the second order by as- 
signing propel' values to the constants wbieh enter it. 



203 To diiuu'^t ihp al jTe epation mriu tiillj let us first 
trinafei till, OHgm of cjoidinitts to i prnt on tli a\ii of i at a 
diStincG fiom the prumtive ongm reirtaented by the irbitiary 
qnantaty a , the axes remain ng parallel to the primitive The 
turmulia of Ait (72) bp omp 

Substituting in the above equation, wo obtain 
ai;^-» + ny'^+pz"'i-{2>na.' + m"):c' + 'ma'^ + m"a' + l=0...(J). 
Sinoo a' is ai'bitrary, wo may assign to it such a value as to make 
2ma' + tn" = 0, or «'=__, 

in which case the equation, after denoting the absolute term by I 
,ind omitting tlie dashes of the variables, reduces to 

«w' -\- ny" + pz^ + I' ~ (2). 

If )rt — 0, this transformation will in general be impcHsible, 
»s we shall then have 

In this case we may assign to a' sneh a value as will make 
m"a' + I =0, OT a'= - -L, 

nrnd equation (1) will reduce to 

nij^ + .K + »""« = W- 
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If, howevev, we have at the same time m" = 0, tliis trans- 
foi'matjon will bn impossible. But in this case, equation (1) wiil at 
once reduce to 

wy* + pi"^ -\- I = G, X indeterminate (o), 

wliidi is evidently the equation of a light cylinder with an ellipti- 
cal or hyperbolic base, according as n aod p have the same or con- 
trary signs, Art. (l'?0), the axis of the cylinder coinciding with the 
axis of X. Moreover, in this case equation (3) gives 

a' = _ indetemiinato, 


and any point of tlie axis of X will fulfil the required condition. 
If m = 0, TO = 0, equation (a). Art (202), reduces to 

^s^ + in"x -\- I = a, y indeterminate. 

If m ^= il, p := Q, it reduces to 

my' + rii"x + i = 0, a indetm-minaie ; 

both of which are equations of right (ylindei-a with pai'abohc bases, 
the axis of the first being parallel to the axis of Y, and tliat of the 
second parallel to the axis of Z, Art. (76). 

If w," = also, in the last two equations, the fii'st will ^ve 



v= 



; and y indeterminate, 



which represents two planes parallel to the plane XY, Art (62) ; 
which are real when I and p have contrary signs ; become one 
when / 1= ; and are imaginary when I and p have the same 
sign ; and are particular cases of the cylinder, analogous to the 
particular cases of the parabola discussed in Art (l7l). 

In the same way it may be pi'oved, that the second eijuation 
i"i)l represent two planes parallel to the plane SZ. 
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If III =: 0, li = 0, p ~ 0, the equation coaaea to be 
oue of tlio second degree. 

From this discussion, we see that all surfaces of the second ordei' 
will belong to oue of the three classes represented by the f< 
ec[uatio(is. 

First, •mv? -|- ny^ + ^s* -j- I - 

Second, ny^ + p;'^ + '>n'"a =^ 

ni/s + pz^ -j- I = 

Third, px^ + m"o: + I = 

nr/" H- m"3: + I = 

204. The centre of a surface is a pi^t> through which if any 
straight line be drawn terminating in the surface, it will be bisected 
at this point, 

If the origin of eo-ordinates be placed at the centre, it is evident 
that for every point on one side of this origin, there must also be 
another in a directly opposite direction, at the same distance, and 
having the same co-ordinates with a contrary sign. Hence, the 
equation of the surface must bo of such a form, that it will not 
change, when for + x, + y and + s, -~ x, — y 
and — % are substituted ; that is, all of its terms must be of an 
even degree with respect to the variablts. 

In order then to ascertain whether a given surface has a centre ; 
we see if all the terms of its equation are of an even degree, if sOj 
the ori^n of eo-ordinates is a centre ; if tbey are not, we then see 
if the origin of co-ordinates can be so placed as to make all the 
terms of tfie ti'ansformcd equation, of an even degree. If this is 
possible, the surface will have a centre, which will be at the new 
origin. If it is not possible, the surface will have no centre. 

205. By applying the above principles to surfaces of the second 
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flrdei", we see that ail of the first class have centres. That none of 
the second have centres. That the cylinders repvosented by the 
first equation of the third class have an iafinite niiinljer of centres, 
each point of the axis fulfilling the required condition. That those 
d hy the second and third equatioiw hare no centres. 



206. Any plane which bisects a system of pai'allel chords of a 
sui'faee, is called a diametral plane ; and if the chorda are perpen- 
dicular to the plane, it is a principal diametral plane, or simply a 
peind^Ml plane. 

Two diametral planes intersect in a diiuneter common to the two 
curves cut from the sui'faee by these planes, and this intersection 
is also a diameter of the aurfaee ; and two principal planra intersect 
in an axis of the surface. 

A diametral plane may he construeted, by drawing' three par- 
allel chords of the surface, not in the same plane, and bisecting 
them by a plane. By constructing two planes in this way, we de- 
femiine a diameter, and the middle point of this di;imeter will 
evidently be the centre. 



207. The co-ordinate planes being at right angles to each other, 
we see that each of {hem, in surfaces of the second order of the 
first Uaas is a pnrwipal pk ne For if equation (2), Art. (203), be 
solved with retei nee to eithei finable, we shall have two equal 
values with crntiary aigni md these two values taken together, 
will form 1 chord peipendi uJai to the co-ordinate plane of the 
other two \anablea and bisected by it. 

FroBj this, it also follows that the axes of co-ordinates are axes 
of the surface, Art. (206). 

In the second class,* equation (4), Art (203), the co-ordinate 
plaues ZX and YX, are also principal planes, and the axis of X is 
an axis of the surface. 



db,Googlc 



252 t NDETEKMIHATB 

In the cylinders represented by the firat equation of the third 
class, the planes ZX and YX are principal planes, and tiie axis of 
X is the axis of the cylinder. 

In the cylinders represented by the second, the plane XY is the 
only principal plane, and there is no axis. 

In thoae represented by the third, the plane ZX is the only 
principal plane, and there is no axis. 



DISCUSSION OF THE VARIETIES OF SURFACES OF THE 
SECOND ORDER.. 

208. All the varieties of the first class of surfaces of the second 
order, or those which have a single centime, may be obtained by 
making in their equation, Art. (203). 

First, tn, n andp all positive, I being negative or poLit've. 
Second. Either two positive and the other negative, / being 
positive. 

Tldrd. One positive and the other two negative, I being posi- 

For if all are negative, the signs of both iBembera of tbe equa- 
tion may be changed, giving tlie first case. 

If two are negative, the other positive and / negative, the signs 
may be changed, giving the second case. 

If one is negative, the othere positive, and I negative, the signs 
may be changed, giving the third case. 

First, !», n and p positive, I negative or positive. 

209. Supposing Z to be negative, the equation of the first class, 
Art. {2©3), may bo put under the form 

mx" + ny^ + p:fi = I (1). 

Let us intersect this surface by planes parallel, respectively, to 
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the co-oi-tlmate plaiiesZY, ZX and XY. The equations of tlie 
eiittiag- planes, Ait, (82), will be 

X = h, y = k, z = g. 

OomLiDJiig these witiL the equation of the surface, Art. (02), we 



mx^ -\- ptfl = I — nk^; (2), 

■mx^ -]- ny' = I — pff^; 

for the equations of the projections, of the several intersections on 
the co-ordinate planes ; and since the curves ai'e parallel to the 
planes on which they are projected, the projections are equal to 
the curvea themselves. 

Each of these equations represents an ellipse, Art, (169), and 
these ellipses will he real when the second members of the equa- 
tions are positive, or 






h < ±\/i, A < ± 



h= ±sJL, k= ^^/l, y = dzV'-, 

the above equations reduce to 

My' + J's' = 0, wia^ + pi^ = 0, M.^■^ + ny^ ~ 0, 

and the first members of each being the sum of two positive quan- 
tities, they can only he satisfied by making 

y ~ Q, z = 0; X = a, s = 0; X = 0, y — Q, 

which iire (he equations of points 
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the second members of the above equations (2) will be negative, 
and they can be satisfied hy no values of the variables, and the 
ellipses m\l be imugiiiai'y, that is, the planes will not intersect the 



equations (2), bee 



' + pz^ = 



' + ?iy^ 



which are the equations of the principal sections, and each of these 
sedaons is evidently larger than any other made by a parallel 
plane. 

e conclude that if the surface, represented 
by equation (I), be intersected by a 
system of planes parallel, respectively, 
to the co-ordinate planes, the curves 
of intersection will all be ellipses, and 
these ellipses will diminish as the dis- 
tance of tlie cutting plane from the 
centre, on either aide, is increased, un- 
e to points ; after which there wiU be no interaecljon 
and no points of the surface. The surface ia tten limited in all 
directions, as ia the figure, and is called an Mlipsoid. 

tf we make ?/ = 0, a = 0, in equation (1), we have 




= ^V- = ° 



CA. 
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CD or CD'. 



Placing tlie expressiona for these semi-axes, respectively equal 
to n, h and c, we have 



b\/T = CE OF CE', ±\/\. 

i for these semi- 

whence 

I I I 

and substituting these in equation (1), we obtain 

a^ h^ e* 

all equation for the ellipsoid, i-eferred to its centre and axes, aDalo- 
gousto equation {c), Art, (105). 

310. If m = n, eq^uation (l) of the preceding article may 
be put under the form 

which is the equation of a surface of revolution, the axis of Z being 
the axis of revolution, Art. (198). Butsince m = rl, wehave 
a =: J or OA =; CE, and the surface is generated by re- 
volving the ellipse BDA about its conjugate axis, and is the oblate 
spheroid, Ai't. (198). 

Likewise if n = p, equation (1), becomes 

„ . I — mx'^ TT-TS 

y^ + ^ = __ -/(») > 
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which is the equation of tkeprolate spheroid. 
If m = n = p, W9 ohtain 



which is the equation of ilui spliere, Art. (198). 
If I ~ (}, equation (1) becomes 

mx"^ + ny^ + pz^ = 0, 

which, since the first member is the sum of thi'ee ]>ositivo quanti- 
tioB, can only be satisfied by making 

at = 0, y = 0, ; = 0, 

which ai'O the equations of a point, Art. (41). 

If I is positive, equation (2), Art. (203), talses the form 

which can be satisfied for no va!u^ of v:, y and x, a.id therfore re- 
presents no surfece, or an. imaffinary surface. 

From this discussion we see that the particular cases of the El- 
lipsoid are, the ellipsoid of revolution, the sphere, the point, and 
the imaffinary surface. 



Second, m and n positive, p negative and I positive. 

211. In this ease equation (2), Art. (203), talies the form 

■nix^ + nif — pz'' = — I (1). 

Intersecting the snrfaee by planes as in Art. (209), we have, for 
tt'e equations of the projections of the curves of intersection, 

ny^ — pz^ = — i — mh" ; 

mx^ — ps^ = — ; _ nk' ■ (2) 

mx" + ny^ = — ( -\- pg\ 
Each of tb',- first two of tbcRc equations represents an hyperho- 
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la, ivhose transverse asis coiBcides with the axis of Z, Art. (105). 
and which increases in length, indefinitely as h a.nd k increase. 

The third equation represents an ellipse, Art. (105), which is 
real when 

pf > I, or s- > ±V^, 

P 

ereasesi. lliis ellipse beeoniea a, poirl; 



and which ii 



aud imaginary, n itere 



W- 



..p}, 



^ P 
Art. (62), equatior 



(2), 



wy" 



- fi^ =: .-- I, 



- P^^- 



- n>f 



which are the eq^ualions of the principal aecljons. 

The firet two represent hypei'bolas, whose transverse axes ari 
than those of any of the pai'allel hyperholas. The third equatio 
be satisfied by no values of a and y, 
from which it appears that the plane 
XY does not intersect the surface. 

From this discussion, wo conclude, 
that if the surface represented by 
eq^ualion (1) be intersected by a sys- 
tem of planes, parallel respectively to 
the co-ordinate jilanes, the sections 
parallel to 2S and ZY, will ho hy- 
perbolas having their transverse axes 
parallel to the axis of Z, while the 
s parallel to XY, will be ellip- 
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303 when at a greater OMtauce from the origiu, above or below, 
Uiaii the value of ^ in equation (3). Hence, the surface extends 
to infinity in all dii-ections from the centre, and consists of two 
distinct and eqnal parts oi nappes, as in the figure. It ia therefore 
called, an, Hyperboloid of two nappes. 

If we make y = 0, s ~ 0, in equation (1), we have 



which is imaginary, and the surface docs not cut the axis of X. 
In a similar way, we find 



P^ = h 



. = =.v/i. 



Placins 



V'^ = ">'~. \/^ = w=-r, x/i = . 



we have 

I 



and thsse in equation (1), give 
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for the equation of the Lypcrboloid of two nappes, referred to its 
centre .ind axes. 

212, If m =1 n, equation (1) of the preceding ai'tiole may 
ho -pat under the form 

^'^ + y^ = - ' ~^' = fW' 

which is the equation of a surface of revolution, Art. (198), evi- 
dently generated by revolving the hyperbola about its transverae 
AXIS BA, or the hyperboloid o/revolulion of two nappes. 
If / = 0, equation (I) reduces to 

mx^ + mf — pi« = 0. 

If this surface be interseoted by any plane parallel to XY, wo 
3iav6 for the projection of the intersection 

which is the equation of an ellipse alwaj's real, whether g be posi- 
tive Of negative. If g = 0, we have 

mx^ + ny^ = 0, 

which can only be satisfied by 

y = 0, s = 0, 

which are the equations of a point. If we make firet a; = 0, 
and then y = 0, we obtain for the intersections by the co-or- 
dinate planes YZ and XZ, the equations 

ny* ^ P^^ = 0, m^)" — pz'' = 0, 

esch of which evidently represents two right lines passing tliroisgi: 
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fie origia, Ai't. (169), and the surface can only lie a cone ha.vmg 
its vertex at the origin, and axis coinciding witli the axis of Z. 

The pm-ticular cases of the Hyperholoid of two nappes are, tbere- 
ftire, ike hyperholoid of revolution <jf two na^es, and the cone. 

Third, m positive, n and p negative, I positive. 
213. In this case, equation (2), Aii (203), takes flie form 

mx^ — KJ/" — ^s» = — / (1). 

Ititei-secting by planes, as 121 Art (200), we obtain 
ng^ + p^^ =: I -\- mk^. 

mx^ — px^ — — I + )i^2 (2). 

mx^ — wf = — i + py^. 

The first of these equations represents an ellipse, which is 
always real, and increases as % increases in either direction, from 
the origin. 

The second represents an hyperbola, whose transverse axis coin- 
ddes with the axis of Z when the second member is negative, or 

bF < I, and h < ifc\/-, 

and with the axis of X, when 

J > ±\/;' 

The third is also the equation of an hyperbola, whose transversfl 
wds coinddes with the axis of Y, when 

9 < ±V^, 
V p 

and with the axis of X, when 
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If ill the last two of equations (2), we make 

!s = ^\ 
TO have 

ma= — ^3« = 0, i- = ±: z sj I- ., 



-\/l' ^ = -V|- 



,.,< = 0, 



each of which repreaeiita t 



ight lincF. 

= 0, cqur.tior,3 (2) beco 

- iwf -. 



for the equations of the principal sections. 

The first represents an ellipse, ■wiiich is smaller than any par- 
^lel seciion, and is called Ike ellipse of the gorge. The other two 
represent hyperbolas. We therefore conclude that, if the surface 
ibe intersected by planes parallel 
ffeapeetively to the co-ordinate 
planes, the sections parallel to 2 X 
and TX are hyperbolas ; while 
those parallel to YZ are ellipses, 
always real, whatever be their dis- 
tantes on either side of the centre. 
The surface then extends to infinity 
in all directions from liie centre, 
without being separated into tw© 
parte. It IS called an kyperboloid of o 

If we make y = 0, ^ = 0, in 
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which is imaginary. In a similar way, we Snd 






both of which are real. Placing 
we deduce 



and these in equation (1), give 

for the equation of the hypcrholoid of one nappe, referred to \bi 
centre and axes. 



214. If 11 ^ p, equation (1) of the preceding article may 
be written 

>' + '' = '-t^ - fW. 

which ia the eqiiaiaon of a aurfaoo of revolution, Art. (198), evi- 
dently generated by revolving the hyperbola about its conjugate 
axis, or the hyperholoid of revolution of one najppe. 
If 1 = 0, equation (1) reduces to 

m^ — ny^ — f^ = 0, 

which may be shown, as in Ari. (312), to be the equaHon of a emu 
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having its vertex at the origin, and its axis coinciding mth. the axis 
of X. 

The paiticnlar cases of the Hyperboloid of one nappe are, there- 
fore, the hyperboloid of revolution of one nappe, artd the cone. 



315. AllUie variotiea of tho" second class of surfaces of (he 
second order, or those which have no centime, may he obtained by 
making ia equation (4), Art. (203) : 

First, n and p posifive, m" being positive or negative : 
Second, n positive and p negative, m" being positive or nega- 

For, if n and p are negative, the signs of both members of the 
equation may be changed giving the first ease. 

If n is negative aad p positive, the signs may be changed 
giving the second case. 

Mrst, n and p positive, m" positive or neiyaiive. 
216. If m" ia negative, equation (4), Art. (203), may be put 



Intersecting the surface as in Art, (209), we have for the pro- 
jpLtiuns of the suveral cur\ l-s on the co-ordinate planes, 

uy' -J- prfl = in"h, p^ = m"x '~nk\ ny^ = ■m,"x — pg\ 

The first TPpresents an ellipse, which is real as long as A ia pos- 
itive, and inerej^es indpfinitely as A is increased, becomes a point 
when /* = 0, and ia imaginary for all negative values of A. 

The other two represent parabolas, the axes of which coincide 
with the axis of X, Art, (84). And since the parameters of these 

parabolas are, respectively, — and — , whatever be the 
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ny'' + p'lfl = 0, 



values of k and g, it follows that all the pavallel syotions are equal 
to each other. 

By making A — 0, A = 0, g =■ <i, we havo for the 
prineipal sections 

^' = 'm/'x, liij^ = m"3:. 

The fii'st Fepresents a point, the ori^n of co-ordinates, and each 
of the othera a parabola, having its vertex at the origin. 

From this it appears that tie surface extemjs to infinity in the 
positive direction of the asis of X, 
but does not extend at all to the 
left of tie origin ; that the iater- 
sectiona by one system of planes are 
ellipses, and by fie other two, para- 
bolas. Tt is therefore called an 



^^m^^ 



-uz; 



elliptical paralioloid. 



If m" is positive, equation (4), Aj't. (303), talies the form 

in which, if ivc diange x into — x, we siall Iiave equation (1). 
Bnt tlie only effect of this change is to estimate the abscissas from 
A to the left. The eqnation will then represent the same surface 
revolved 180° about the axis of Y. 



' Pt equation (1) of the preceding article may 



which is the equation of a paraboloid of revolution, generated bj 
revolving the parabola about its asis, and this is the only particula 
case of the elliptical paraboloid. 
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Seeorul, n positive and p neffative, m," posiiive or negative. 

218. It will only be necessary to discuss the case where rn" ia 
negative; for, if™" is positive, it may be shown, as in Art. (2!6), 
that the equation will represent the same surface revolved 180° 
about the axis of Y. 

Thia being the case, equation (4), Art. (203), takes the form 

nif — fi^ = m!'x (1). 

Intersecting the surface, as in Art. (216), ive have 
nt/ — 'p%'i = m"h...(2), pz^ =— m"3: ■i-i''i:\ ny^ ~ m"a: + pff''. 

The first is the equation of an hyperbola always real, and having 
its transverse axis on the axis of Y when k is positive, and on the 
asia of Z when k is negative. Art. (105). The other two are the 
equations of parabolas, the first extending indefinitely in the di- 
rection of the negative absdssaa, and the second in the direction 
of the positive abscissas, Art. {171). 

By malting ft = 0, ^ =: 0, (/ = 0, we liave for the 
priadpal sections 

ny' — pz^ = (3), yj= = — m"x, mf- = m"x. 

The first may be put under the form 

ny^ = pz% or y = ± z \/ 1 , 

which represents two right lines passing throug-li the ongm. The 
other two represent parabolas each equal to tliose c«t out by the 
corresponding parallel planes. 

From this, it appears that the surface is unlimited in all direc- 
tions ; that the sections by one ayatem of planes are hyperbolas, 
and by the other two, parabolas. It is therefore called a hyperboUc 
paraholoid. 

It has no particular case. 
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We have seen above thjt tlie plane Y2 intersects the surfacfl 
111 t^vo light lines represented by 
i,qiiation (3), and thit anj jJane pai 
allfl to YZ, luter^eets the surftce 
111 an hypeiboli, the projection of 
iihich IS lepresented hj equition 
(2) K we denotp the oidinate of 
any point of tne t these n^ht lines, 
^y 2/'i ^ ^ tmgu sh it fiom the 

ordinate of a point of the curve covvespon h i^ tiOesne tlii, 

of s, we shall have 



Subtracting this equation, member by n 
(2), we have 



mber, from eqiistior 






■ r = - 



■ + y') 



Ifow aa a is increased, y aiTd y' are both increased, and y — y' 
becomes smaller and smaller, aiid when y and y' become infinite, 
y — y' become 0, or the two points coincide ; that is, the right 
line contimiaSly approaches the curve and touches it at an infinite 
distance, oris an asymptote, Art. (161), Hence, the two right lines 
represented by equation (3), will be the asymptotes of the pro- 
jections of the hyperbola'? cut out by the planes parallel to TZ. 
Or, if two planes be passed through these lines and the axis of X, 
the plane which cuts from the surface an hyperbola, will cut from 
these planes, lines which will be the asymptotes of the hyperbola. 



NTKRSECTION OP SURFACES ( 
ORDER EY PLANES. 



219. It has been proved, Art. (300), that every intei'section of 
I surface of the second order, by a plane, is a line of the second 
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order. The dJsonssion of the nature of these sections, except when 
they are parallel to one of the co-ordinaf« planes, is much simpli- 
fied by refening them to axes at right angles, in their owa planes. 
For the purpose of this discussion, let us resume the general 
equation. Art. (203), 



' + ny^ + pz"^ + iri"x ■\- I = 0... 



.^(1), 



in which the origin is at 
the intereection of 
two piiiicipal planes, 
Art. (206). Let any 
plane he passed in- 
tersecting the surface, 
and let A'X' be its 
trace on tiie plane 
XY, making an angle 
/3 with the asis of X, 
and let fl denote the 
angle made by this 
plane with the plane 
XY. 
''' For any point of th 
have 

X = Al>', 



point A, on the line AX, this being 




y = PP', 



: ]\IP. 



Let this point be now referred to the two axe* A'X' and A'Y', 
at light angles to each other and in the plane of the curve. 
Throiigh P draw PN perpendicular to A'X', and PO parallel to 
AX ; also draw NS perpendicular to AX. Join M and S, then 
the angle MKP = 6. Denote the distances 



A'N" by :'. 



AA' by a'. 
e shall have 
X = u' + A'^ -Ir OP, 



MW by y', 
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The riglit angled triangles MPN", A'SN, and PON, give 

a = y' sin fl, JSV = y' cos fl, A'S =■ a^' cos ^, 

NS = a- sin 13, NO = 5fP cos A PO = N"P sin 0. 

Substituting these values in the preceding equations, we obt^n 

m = it' + a' cos /3 + y' cos fl sin |S, y = .-c' sin /3 — y'cosS cos ;3. 

If these values, with the value, e = y' sin 6, he substituted 
itt equation (1), the result can only belong to points common to 
the piano and surface, and will therefore repvesent tlie line of in- 
tersection. Making the substitution and rediidng, we obtain 

(m cos^ /3 + « sin'' l3y^ + [cos^ 6{m sin^ ^+ m coa^ 0) + p sin' 6] y" 

+ 2(m —n) sin ^ cos ,8 cos 3 .-»'/+ cos /3{2nMi'+ m")*' 

+ cosflsin^(2a'm.+ »i"y+™«'» + '«"a'+ I = 0-(2). 

By assignicg proper values to a', we may always cause the 
plane to intersect the surface, and by assigning proper values to 
(3 and fl, we may cause the above equation to represent tlie several 
varieties of lines of the second order. 



920. For instance, let it bo required that the interaoctioii sliall 
be a right line or lines. 

If it is possible to cut a right line from the surface by a plane in 
any position, the same right line may be cut out by a plane per- 
pendicular to the plane XY. For it is only necessai'y that the cut- 
ting plane should occupy the position of the plane which, projects 
the line on the co-ordinate plane XY. We ruay therefore regard 
6 in the fibovo equation as equal to 90°, which gives 

cos d = 0, sinfl = I, 

and see if it is possible to give such values to a' and /3, as will 
make th^ equation represent one or more right hues. 
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221 For those surfaces which have a centre, we may also re- 
gard m" = 0, Art. (203). Suhstitnting this value witii the 
ahove, for cos fl and sin 6, in equation (2), Art. (219), and omit- 
■prtiiig the dashes of x and y, it reduces to 

(mcos^;3 + Bsin»;3)a;i' + py» + 2a'»ioos^.r + iwr'3+ I = 0. 

Solving this with reference to y, we have 

V p 
In order that this represent one or more real right hnes, it is 

iiecc^saiT that — - shall he positive, and that the factor within 

P 
the parenthesis shall be a perfect squai-e, Art. (178), which re- 

P < (2), 



{m cos'' ;e + «sin«^)(ma'= + = "''-^^ eos= /3 ..(3). 

Deducing the value of a' from the last condition, we obtain 



^'^W- 



,.,(4). 



Since p is positive in the ellipoid, Art. (209), condition (2) can 
not be fulfilled ; whence the conclusion, that no right line can be 
cut from iUa mrface. 

Since m, n and I are positive in the iiyperboloid of two nappes. 
Art. (211), the value of a' will be imaginary for all values of 0. 
Condition (3) can not then be fulfilled, and no riyht line can he cut 
from this mifaoe. 

Since m and I are positive and n and p negative in the hypcr- 
boloid of one nappe. Art. (213), condition (2) will be fulfilled, and 
the values of a' will be real for all values of ,3 which give 
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■• < '■ 



tiiiig^ /3 < — , 



aud equation (1) will then represent two real right Hues whioTi in- 
tersect, Alt. (178). Hence, au infinite number of riglit lines may 
be cut from the surface of the hyperboloid of one nappe by planes. 



222. If we take the value of Vma'" + I from condition 
(3) of tlie preceding article, and substitute it in equation (1), ex- 
tract the square foot of tlie factor within the pai'eattesis, and sub- 
stitute in the result the value of a', from equation (4), we shall 
obtain 



MCOsS/3 -f msiii=/3 + - 



which jnay be put undei' the for 



cotii/3 + n + oot/3\/^) (1), 



and will ie|)reaent tbe two right lines cut out by any plane 
making the angle !3 with the plane XZ, By changing ^ into 13', 
we shall obtain at once 
the equations of two other 
lilies cut out by snother 
plane. The lines cut out 
by two different planes are 
not parallel ; for the cut- 
ting planes, which are also 
their projecting planes, are 
not parallel. Neither can 
■^ they intersect, for if they 

intei-scot at all, it must be in the perpendicular to the plane XV, 
at the point P ; and if we substitute A'P tor a: in the equation of 
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the first set of lines, iind A"P for a> in the equation of the second 
set, wo must obtain the same, value fov s/ in each. case. But de- 
noting the distance PO by d, wo have 

A'P =: — , A"P = -t- , 

sin ,3 sm^' 

and tlieae values being suhstituted for a.', each in equation (1), will 
give values wHch ai'o unequal. 



233. For tJioso surfaces which have no cenire, we may r^ard 
m and I as equal to 0, Art. (203). Substituting these values with 
cos a = 0, sin fl = 1, in equation (2), Art, (210), and omit 
ting the dsalies of the variables x and 3/, it reduces to 

n sin° ^x'^ + py^ + m" cos ^x + m"a' = 0. 

Solving this with reference to y, we have 



y = ±\/_ I{umn-I3x^ + m"cos/S.i! + ™'V) (l). 

In order that this sliall represent one or more real right lines, 
ve must liave, as in Art (221), 



In the elliptical paraboloid, n and p are both jiositive, Art, 
(216), condition (2) can not be fulfilled, and no nght Una can he 
eat frmn, the surface. 
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In tlie liyperbolic paraboloid, n 13 positive and p negative, Art, 
(218) ; condition (2) is fulfilled, tte I'alue of a' will be real, and 
fulfil condition (3) for all values of ^ ; and an infinite number of 
right lines may be cut from tiis surfeco by planes. Substitutiag 
the value of a' in equation (1), and extracting the squai-e root of 
the qnaalily within the parenthesis, we obtain 






which will represent the two right lines cut out by any plane 
making the angle /3 with the plane SZ. By changing /3 into ^', 
we shall obtain the equations of two other right lines cut out by 
another plane. 

It may be proved, aa in tlie preceding article, that the lines cut 
out by two dillei'ont phmcs are not parallel, and do not intersect. 



224. The preceding d st, i-a on of the ect 1 n al e t o s of r 
facea of the second order e ibles u to daas fy these surlacea as 
they are classed in Descripti e Geometry 11 3 cl'jss ficit on 

1. Flane suifaces, wh 1 m y be ^e e ated by a nght 1 ue 
moving along another right 1 ne and pi all 1 to ts first [ o t on 

2. Single curved surfa s vh h ) 1 e g r ted bj ,i ^ht 
fine, moring so that its co uti e pos 1 s h 111 tl ne 
,,l.m. 

3. Double curved surfaces, which can only bo' generated by 
cui-ves. 

4. Vfarped surfaces, which may be generated by a right Jine, 
moving so that its consecutive positions shall not bo in the same 
plane. 

The cjdindrical and conical surfaces are sinffU curved, as the con- 
secutive elements of the first are parallel. Art, (74), and those of 
the second interaect, Art. (77) ; that is, are in the same pk.ne. 
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Tho ellipsoid, hyperboloid of two nappes, and cllipticai parabo- 
loid, are double mirved ; since no right line can be cut from the«i. 
Arte. (221), (223) ; that is, no rigkt hne can be so placed aa to lie 
wholly in either surface. 

The hyperboloid of one cappe, and hyperbolic paraboloid, are 
warped ; since the light lines cut from the surfaces hy consecutive 
planes are not pai'allel, neither do they intersect, Arte. (222), (223), 
and therefore can not lie in the same plane. 



225. If it be requii'ed that the intersection represented by 
equation (2), Art. (219), shall be a circle, it is necessary that the 
coefficient of x'y' be equal to 0, and that the coefficients of x'^ and 
y" be equal to each other. Art. (169). This requires 

2(™ - «) sin /3 cos ^ cos <! - (1), 

wicos»^-i-msin')8 = cos'fl(nisin*/3-i-«eos=/3)-f^sin^fl (2) 

The condition (I), (™ and n being in general unequal), may be 
satisfied by making either 

sin /3 = 0, cos /3 = 0, cos & = 0. 

Sin ,S = substituted in condition (2), gives 

since sin' 6 + cos^ fl = 1. Fioin tJiis we deduce 
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tang/3 = 



t\A- 



,..(b). 



Ill the first case, tho cutting plane is parallel to tlie sixis of X ; 
in the second, parallel to the axis of Y ; and in tho thiid, parallel 
to the axis of Z. 

It may he remarked that if any position of the cutting plane be 
found to give a circle, every parallel plane intereecting the surface 
will also give a circle. For if the angles ^ and 6 remiun the 
same, a' may be changed at pleaaure, without affecting the equality 
of the coefficients of a;'^ and y'^. 



226. In t7ie ellipsoid, in vihieh m, wandj) ai^e positive, Art 
(209), iu order that the first set of values of tang fl, (equation 
(3), preceding article), may be real, wo must have 

B > m > B or 'p> ni> n. 

In order that the second set may be real, wo must hare 

p> n> m, or m y n y p. 

In Older that the values of tang /3 may he real, we must have 

n> p> m, or m > p y n. 

It is evident that no two of these conditions can be fulfilled at 
the same time. 

If eitlier of the first is fulfilled, we 
shall have, [see expressions for a, b, 
and c. Art. (209)], 

CE>CB>CD, or CE < CB <CB. 

Hence, the mean axis of tho sur 
of X, to which the cutting plane is parallel- 
fulfilled, Tve shall have 
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CB > CE > CD or CB < CE < CD, 

and for either of the third 

CB > CD > CB, or CB < CD < CE. 

. Hence, a catting plane passed parallel to the mean axis of the 
sm'face may have two positions, such that the sections shall be 
eirclea, tliese positions being determined by the two proper values 
of tang d or tang ^ ; and in no other position can the section 
be a circle. 

If m ^ it, botli sets of values of tang A become 0, and 
tang ,3 becomes imaginary. Hence the two cutting pianes unite 
in one, pai'allel to XY, or perpendicular to the axis of Z ; as should 
be the case, since the surface becomes an ellipsoid of revolution, 
its axis lying on the axis of Z, Art. (210). 

If n ^ p, the first set of values of taug fl become imaginary, 
while the second and those of tang ;3 become infinite, and l^e 
cutting plane is perpendicular to the axis of X, Art (310). 

If m = w = p, the values of tang i and tang ^ become - , 

indeterminate, and every position of the cutting plane gives a 
circle, as it should, since the surface becomes a sphei-c. 



327. In Ike hyperholoid of two nappes^ in which m and n are 
poative and p negative, the values of Art. (225), after giving to 
the letters their proper signs, become 



tangfl t= -izx/ — . — ■, tang d =; 

^ nt + p 

tang/3 = ±J- Z_±i 

The values of tang ^ are imaginary. 
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the first act of values of tang fl is reai, and tiio 
second imaginary. If to > u, the 
reverse is the case. But, if m < », 
we have c > 6 ; and if m > «, 
we have <■ < 6, Aff (211) Hence, 
in this surface, the cutting plane 
niust be paiallel to the longest of 
thp trto axes w huh do not intersect 
the sulfate 

It w = n, the valuer ot tang A 

bLLorae i>, and the cutting planes 

nmte in one ] erpeiidicuhi to the axis 

of Z IS thei should sinte m this 

raise, we have the hypeiboloid cf itvolution ol tvio nappes, 

Art. {212). 

Since the above values of tang 6 do not depend upon I, they 
will remain the same when ^ = 0, Art. (212), that is, in a 
eone with an elliptical base, it is alwaj-a possible to pass planes in 
two different directions so as to cut circles. Those are called mb- 
contranj sections. If one of them be regarded its the base of the 
cone, the other will be sub-contrary to tlie base ; that is, in a scalene 
cone with a circular base, it is alwaijs possible to pass a system of 
planes not parallel to the base, which sluill eat out circles. 

If the cone is a right cone with a drcular base, it is a surface 
of revolntion, and the sub-contravy sections unite in one, perpen- 
dicular to the axis or parallel to the base. 



228. In the hyp^rboloid of one rm-ppe, in which m is positive, 
n and p negative, we have 
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The first aj's iraaginaiy. 

If ra < J), the second will be veal and the third imagiiisryj 



mad the reverse when m > ^. 
If « < p, we have 




^ 


6 = CD > a = CA, 
find if 11 > p, we have 




k^ 


CD < CA. 


■■■''W 





Hence, the cutting plane is par- 
allel to the greatest of the two ases 
which pierce the surface. ' 

H n := p, the above real values of tang i) and tang ^ 
become infinite and the two planes unite in one, pei-peadicular to 
the axis of X, Art. (214). When the surface becomes a coae, the 
discussion is similar to that in the preceding article. 



229. In Ike dtipticdf. faraholoid, in which m = 0, 
p positive, tlie value! of tang & and tang /3 hecome 



h\/— -, tangii = d^x/^Jl — , 

* J) ^ p — n 



tang p 

The first ai'e imaginaiy. If n <i p, the second are real and 
the third imaginary. If n '^ p, tlie revei'se will be the case. 
Hence, the cutting plane mnat be parallel to the greater axes of 
the elliplica] sections. Art. (216). 

If n =: p, the above real values become infinite and the cut- 
ting planes unite in one perpendicular to the axis of X, Art, (217). 

230. In the hyperbolic paraboloid, in which m = 0, » 
positive and p negative, we have 
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tang a = itv/^ , tangfl = ±\/— — ^ 

^ p ^ jj + « 

lang/3 = ±\/ f-. 

The second and third are imaginMj, and the first resi, and the 
position of tho cutting plane wil! be given by the equations 

sin^ = 0, tangd = ±\/- 

But these values with the value m = 0, substituted iu con- 
dition (2), Art. (235), make the coefficients of a'* and y'^ both 
equal to 0, and equation (2) of Art. (219), takes the form 

sa^ + / = 0, y indclcrmhiate, 

which represents a right line. 

Since any plane parallel to either of the planes determined by 
the above values of sin ji and tang 6 will also cut a light line 
from the surface, we see that there are two different, systems of 
eight line elements, each of which is parallel to a given plane. 

We conclude, also, that no circle can he cut frcm the hyperbolic 



2S1. The intersecfion of any two snrfacee of the second ordci 
may be found as in Art. (62) ; but as thou equations are ot thp 
second degi'ee, the result of their combination so as to el m mtp 
one of the variables, will be of the f uilh device henc" m ^ene 
ral, the projections of the lines of inter^ecti n ivil! be hue of the 
fourth order, the discussion of whiih will be comjhfited and ot 
little interest. 

If, however, it is known that two such suifaces mteraect m a Iiii« 
of the second order, it will, in general, be fouud that they wil! also 
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intei'seot in aiiotLer line of the second order ; that is, if one sur- 
face enters the other in a lir>e of the second ordei; it will leave it in « 
line of tlie same order. 

To prove this, let us take the moat general equations of the two 
surfaeea, 

mx^ + ny^ + pz'' + m'xy + n'xz -j- ji'yz 

+ m"s+ n"y + p"z + I = (1), 

qx"^ 4- ry'^ + si^ + q'xy + r'x% + s'ys 

+ q"^ + 'r"y + s"s ^ V = (2), 

and let the plane of the cui've in. wliicli it is Itnown the two auf- 
feces intersect be taken as tho plane XY. 

If we mate s = 0, in each of the above equalions, ive shall 
Jiave 

mx^ + my' -f- m'xy + m"x + n"y + I = (3) ; 

g.)^ + ry* + q'xy -\~ q"x + ¥'y ^ ? i= (4); 

each of which must represent the linown cui-ve of intersection of 
the surfaces. These equataons must then be the same, which can 
only be the case when the corresponding coeffiwenta' are equal, or 
when those of the firet equation are equal to those of the second 
multiphed by a constant factor, as h. If wo now mulli|jlj- equation 
(2) by h anil subtract from equation (1), we obtain 

(p — £8)s* + (li' — fc'jaa; + (^' — M')yz + (^" — M'')i — 0, 

which equation must be satisfied for all values of x, y and », be- 
longing to points common to the two surfaces. Since k is a com- 
mon factor, it may be satisfied by placing 



(p _ ^s)j; -f (ft' - hAx -i- {p' - fc')y + {'I'" - *^') 
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1 = evidantly belongs to the plane XY, in ivliicli tlie known 
line of iutei-section lies. The other is the equation of a plane, Art. 
(57), which by its combination with eithei' (l) or (2), will give 
another line common to both Biirfaces, and this line must, of courae, 
bo Olio of the second order, Art. (200). 



332. Let x", if" and z" be the co-ordinates of a given point on 
a surfuce of the second order. These when substituted for the 
yariables in the general equation 

mx" + ny^ + ps' + m",r + i = (1), 

must satisfy" it, and give the equation of condition 

mx"^ + wi/"» + pi."^ + m.'V + I = (2). 

Subtracting this, member by member, from equation (l), and 
fectoring the terms, we have 

mi^ ~ x-')i^ + ^") -h n{,j ^ i,"){y + '/') 
+ p{, - ,-/)(, 4- ..) + ra"{x~^") = (3), 

which is the equation of the surface, with the condition introduced, 
that the point x", y", z" shall be on the surface. 

The equations of any right line passing through the given point, 

(:, - ,") = «(. - n !/-!/' = K' - --'■) (fl. 

If these equations be combined with oquatioa (3), we shall obtain 

{.-2")[m<.(« + «") + «% + y')+M^+'") + «'""] = » (6). 

in which m, y and e must denote the co-ordinates of all points com- 
mon to the line and surface, Art. (58). Since this is an equation 
of the second degree, there are but two such points ; and these may 
ba deteiToined by pladng the factovs of (5) separately equal to 0. 
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% — %" ^^ 0, gives % =^ x", y =^ y", x —- x' , 

which evidontly. belong to the given point. Placicg 

ma{x + ^') + «6(y + t/") + ?{■> + s") + m"a = (0), 

3!, y and a in this must represent the co-ordinates of the second 
point in which the line pierces the surface. 

If now any plane he passed through this light line, it will cut 
from the surface a line which will contain both of the points ; and 
if the second point be moved along this line until it coincides with 
the first, the right line will become tangent to the line cut fl'om the 
surface, and the values of a:, y and z in equation (6), will become 
equal to x", y" and s". Substituting these values in equation 
(6), it becomes 

2max" + 2nhy" + 2pz" + m,"a = (7), 

an equation which shows the relation that must exist between a 
and 6, in order that the right line represented by equations (4) may 
be tangent to a line of the surface at the g^vfen point ; and since « 
and b in this equation are indeterminate, it foUovfs that an infinite 
number of right lines may be dtawn, each tangent to a line of the 
surface at the given point. 

If now in equation (7), we substitute for a and h their values 
taken from equations (4), we obtain 

{2mx" + m''){x - ^") + 2n.y"{y - t/")-]- 2pz"{z - %>') = 0, 
or, since from equation (2), 

— 2mx"^ — 2n'//"^ — 22>z"^ = 2m"x" + 2l, 
we have finally, 

2mx"ai + 2ny"!/ + 2ps"x + m"{x + s") + 2? — (8), 

an equation which expresses the relation between x, y and % for all 
points of the tangent hne in all of its positions. The surface repre- 
sented by it, is then the locus of all right lines drawn tangent to 
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linp-s of tLt.- surface, ;it the given point, or poiiiL of contact. This 
eijuation being of the first degree between three variables, is the 
etiuation of a plane. This plane ia said to be taiigent to the sut- 
iace, at the given point ; and in general, a plane is tangent to a 
sur/aca, when it has at least one point in comnww iirilk it, through 
which if any plane he passed, the sections made in the mrface and 
plane will be tangent to each other. 

For those surfaces which have a centre, the origin of co-ordinates 
being placed at this centre, we hare m" = 0, Art. (203), and 
equation (8) reduces to 

mxxf' -\- nyy" + piz" + I = (9). 

If in = m = ^, equation (9) becomes 

XX" + yy" J^ ez" = := R^ 

for the equation of a tangent plane to a sphere, Art. (210). 

For those surfaces which have no centre, m = 0, ^ = 0, 
Art (203), and equation (8) reduces io 

2nyt/<' + Zpzz" + m"{x + x") = 0. 



233. Let (c', y' and s b? the c )iln t Dt i fi\ 1 point 
without a surface of the second oi ler If t 1 *> reqiiied tl at the 
tangent plane to the surface shill pa.s3 th 01I3I1 thi ] cmt its co- 
ordinates must satisfy equition (8) of the pie eding lit cle and 
give the equation of condition 

Smjc"*' -1- iny"y- + Sjw"^' -i- in"{x' -f- x") -^ 'Zl = 0... (i). 

In this equation x", y" and z" are uriknowii, but since the point 
which they represent must lie on the surface, we must also 
b ■ve the condition 
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and. tiiGsQ two equations are all the means wliich we have of de- 
' tonaining the values of x", y" and z" ; and since we thus have 
three unknown quantities, and but two equations, it follows that 
(ha .unknown . quantities are indetermhiate. Hence we conclude 
that, in general, an infinite number of planes can he drawn from » 
point without a surface of the second order tangent to the surface. 
If straight lines he drawn, from the different points of contact of 
these planes, to the fixed point, they will evidently form a cone 
which will he tangent to the siu'face, in the Ene formed by joining 
the points of contact. But since the co-ordinates of these points 
must al! satisfy equation {1}, when substituted for x", y" and s", 
the points must he in the plane which will he represented by this 
equation when x'\ y" and s" ai'S regarded as variables. This curve 
of contact must thon be a plane curve, and since it lies on the sur- 
face at tlie same time, it must he a line of Ike second order, Art. 
(200). Wo therefore conclude that, in general, the line of contact 
of a tangent cone and surface of the second order, is a line of tJw 
second ordm: And the same vnW ha tills of a tangent cylinder, in- 
asmuch, as the cone becomes a cylinder, when its vertex is re- 
moved to an infinite distance. 



234. If it be required that the tangent plane pass through a 
second given point x'", y'", z'", without the surface, or contain 
the right line joining tba'^e two points, we shall also have the equa- 
tion of condition 

•Zm.v'V" + 2ny"y"' + 2pz"s"' -J- m"{x"' + r' ) + '? = n 

and this united with equations {!) and (2) of thi preceding mticle 
will ^ve three equations involving three Tinknoiin ^u'lntitiP'; ind 
Kince two of these equations are of the first, and the othpi of the 
second degi'ee, there will in general be two sets d \ due for r' 
y" and i". Hence ive conclude that, in general twr jlinfi mty 
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be passed tlirough a right line tangent to a surface of the second 
oi'iler, and only two. 



235. A Hijkt line, or a plane, is normal to a surface when it is 
perpendicular to a tangent plane, at the point of contact. 

There evidently can he but one norma! line to a surface at a 
given point ; but, since every plane containing a nopmal will he 
perpendiculai' to the tangent plane, there will be an infinite miin- 
ber of normal plane.s. 



23%. The equations of a normal line, to a surfaee of the second 
order, will be of the form. Art. (50), 

,-^" = .{z - x'% , - y" = S(« - .") (1), 

in whicb it is necessary to determine tte values of « and & on con- 
dition that t!ie line shall he perpendicular to the tangent plane 
represented by equation (8), Art. (232). The equatioi^s of r/jr 
diiion. Art, (59), 

a = — c, h ^ - d, 



__ 'Hmx" 4- ra" , _ ny" 

and these, in equations (1), give 

for the eqnatjons of a normal line to any suiface of tlie second 

By sujjposing w," = 0, we shall have the particular '.qua- 
tions for tliose surfaces which bave a centre; and by ffafeing 
m = 0, we have tJiem for those surfaces which have no centre 
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If n = p, equation (2) reduces to 

yz" - y"j = 0, 
which, having no absolute tenti, shows tliat the pi'ojection of the 
normal on the plane YZ passes through tlie origin of co-ovdinates ; 
hence the normal infeisects the axis of X. But when n = p, 
the surface hecomes one of revolution, the axis of X feeing tlie axis 
of revolution, Aits. (210), (214), (2I7). We therefore conclude 
that all the normals to a surface of revolution of the second order 
intellect the axis of revolution ; and that the meridian plane, pass- 
ing through the point of contact of a tangent plane, is a noiToal 
plane : Or, a tangent plane to a surface of revolution of the second 
order is perpendicular to tlie meridian plane passing throuffh the. 
jmint ofccmtact. 



PRACTICAL EXAMPLES. 

2S1. Although examples have hcen oecasjonally given, in im- 
mediate connection with the articles which they are irtended to 
illustrate, it is believed to be advantageous to add, in thii place, a 
number of others, a portion of which the tescher may give out 
with each lesson ; or may defer them until the. subject has been 
completed, when their solution will serve as !\ general review of 
the principles of the course. 

Each example should be carefolly construetid, on the black 
board, in proper proportion, a unit of convenient longth being first 
assunpd 01, iihen it can be dons should be ac(,m-a;,ely drawn on 
pipei viith matheniaticil n^itiuments By this exercise, the 
pnnciplps of the ''uljeet will be 'itroni,ly impiessod upon the 
mind of the pupil while at the =ame time ■^ good test of his 
knowledge will be aftorded to his tea lier 

rhe a\ps of o- id nates iie ■,«[ } ose 1 ti. 1 e t right angles, un- 
less Ott 1 bc m ntoi 1 1 
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The teacher may multiply the exiimples to an nnliiiiited exti^iit, 
by simply substituting, for the numbers used, iuiy others whicii 
may occur to him, 

1. Construct the points whose equations avc, Art. (16), 



2. Find the expressions for the distances between the points, 
whoso equations are, Art. (17), 

«' = - 3, y' = 4; a:" = 2, y" = — 1. 

3. Construct the points whose polar equafjons are. Art (IS), 
V = 20°, r = 5; v — 190° r = 2. 

4. Construct the right lines whose equations are, Art. (2C), 

2y — 3ic + 1 = 0; %y ^ a: = Q. 

5. Find the point of intersection of the vight lines, whose equa- 
tions are as in the last example, Art. {2'7). 

6. Fiad the expression for the tangent of the angle, included 
by the sfcme lines, Art. (28). 

1. Ascertain if the line^ represented by the equations 
2y — 5* - 1 = 0, :'/ ^ 3x ~ 'i, 

are paTiiilel, or perpendicular to each othev. Art. (28), 

%, Knd the equation of a right line, passing through the point 
x/ = 2, ^' =: — 4, and parallel to the line whose equation 
ia, Art. (-30), 
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fl. Find tho equation of tlie right line passing ilirougli the 
same point aud pei-pendioular to the same line. Art. (30) ; also, 
the length of the perpendieular, Art. {17). 

10. Find the equation of a right line passmo- tlirongh the two 
points, 

11. Find and discuss the equation of a eircle, the co-ordrnafcs 
of whose centre ai'e «' = 3, a/' =: — 3 ; and whose radius 
is 3, Art. (34). 

Also, when the co-ordinates of the centre are s ^ — 2, 
y' = 0; and the radius 4, 

12. Find the intersection of the last circle with the right line 
whose equation is, Art. (27). 



13. Ascertain if tho point k = 1, ?/ = ~ 2, is on, 
without, or within the circle whose equation is, Art. (31), 

x-' + j,= = 9. 

14. Find the equation of a circle which shall pass tlirough the 
Ijoiut « =; 3, y ^= — 2 ; the ori^n heing at tte centre. 

Also of one passing through the point x = i, y == 2, the 
origin being at the left hand extremity of the diameter. Art. (38) 

15. Consti-uct the points, in space, Art. (40) ; 

<c t= \, y = % % = 3; 

16. Find the expression for the distance between, the two poififs 
given in last example. Art. (42). 

17. Construct the point whose polar co-ordinates are, Aj't. ("IS), 
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U = 35°, V = 10", T = 4. 

18. Construct the right hne, in spac«, whoso equations ari^ 
Art. (44), 

X = ^z -Ir Z, y ■= - ^ -\- % 

and find the equation of its third projootiou. 

19. Find fie point of intersection of the two lines, in space, 
whose equations are. Art. (47), 

a;=:-2= + 3, y = -^ - 2 ; 

X = Zz — \, 5;/ = — lOs "I- 2. 

20. Find the expression for the cosine of the angle included 
between the lines given in the last example, Art. (49), 

21. Ascertain if the lines whose equations arc, 

ar = g! + 1, y = .■JE + 4; 

a,' = — 23 4- S, J, = I — 2 ; 

are parallel, or perpendicular, Ait. (49). 

22. Find tlic equations of a right line which shall pa.'w through 
the point Si' = — 3, y = 2, z' —. — \, and be par- 
allel to the line lyh^e equations are, Art. (49), 

s — — .3s — t, y = 4s -h 3. 

23. Find tlie equations of a right line which shall pass through 
the same point and be perpendicular to the same line, as in the 
last example. Art. (49), 

24. Find the equations of a right line which shall pass througi 
the two points, Art. (51), 

x' — — 1, y' = % ^'— 0; a" =^3, y" = 0, j" = 2. 



cibyGoogle 



INDETBBMIKATE CfBOMETpY. 289 

25. Find the intersection of the two hues whose equations are, 
Art. (oy), 

X — 3x + 5 =: 0, J^ + i?f — Sy = 0. 

26. Find the equation of a plane wliose i3irectrix is represent-, 
ed by 



the pi'ojections of tho generatrix making angles with the axis of Z, 
whose tangents are 2 and — 3, Art (55), 

27. yind the equations of the traces of tho plane represented by 

2s — 3y -f a + 4 = 0, 

and the points in which it cuts the co-ordinate axes, Art. (56). 

38. Find the point in which the right line, whose equations ai'e 
x — 2s + 2 = 0, 2y + 3s — 1 = 0, 

pierces the plane given in the last example, Art. (68), 

39. Ascertain if the same lino and plane are perpendicular lo 
each other, Art. (59). 

30 r dtheei t of a ght lino passing through the 
pontT=l /= — 3 2=0, and perpendic\ilar to 
the [ ne r J e nt^jd \y 



a\ tl 6 i nt n wh h tl 1 n j es tho plane, and the length 
of tl leri nlcular Art (60) 

31 t dtheexire o foe fl e s ne of the angle made by 
tl In 1 >=eei it ons a e 
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cc = 3s + 6, y =^ ~ V + I, 

with the plane given m the last example, Art. (61). 

32. Find the intei'section of tlie two planes ivliose 
are, Ai't. (62), 



Also, the expression for the cosine of the arig'le iiioJuded by the 
same planes, Art. (63). 

33. Find the equation of a plane passing; through the origin 
of co-ordinates, and the two points, Art. (65), 



ar" = 0, y" = — 2, z" = — 1, 

34. The equation of a circle heing 

.r» + 2/^ = 9-, 

find its equation referred to a system of co-ordinate axes, making 
an angle of 45° with each other, the new axis of X heing parallel 
to tlio primitive, and the new origin being at the upper extremity 
of the vertical diameter. Art. (67). 

35. Find the general equation of the circle referred to any set 
ot oblique co-ordinate axes, Art. (61). 

36. Find the general polar equation of the right line, Art, (69). 

Si. Fmd the equation of a cylinder, tho equation of the di 
rectrix heing, Art. (75), 



and the elements heing parallel to the line, 

X = 2z + i, y = — 3s + 1. 
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38. Find the intersection of the cylinder of the 
loiple by the plane whose equation is, Ait. (G2), 



39. Find the general equation of a cylinder, with an elliptical 
base, the origin of co-ordinates being at the centime of tlie base, 
Art, (75). 

40. Find the equation of a cone, tbe co-ordinates of the vertex 
being %' = 1, ;/' = 2, z' = — 3, and the equation of 
the divectiix. Art. (77), 

y^ = Qx. 

41. Find the intersection of the same cone by the plane whose 
equation is. Art. (62), 

,i: + 2y ~ 3s = 0. 

42. Find the equation of a right cone, the equation of the di- 
reeti'ix being 

UiQ altitude being 5, Art. (77). 

43. Intersect the same cone by a plane passing through the 
axis of T and malting an angle of 45° with the base, and tiud the 
equation of the intersection in ifs own plane, Art. (81). 

44. Find the general equation of a cone with a hyperbolic base, 
the oiigin of co-ordinates being at the centre of the base, Art. (77). 

45. Construct the parabolas whose equations are. Arts. (85), 



y= — 4a-; y^ ~ — Bx; '£^ = 9'J. 

46. Ascertain whether the point k' ~ — 3, f' = 3. 
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without, OD, or within each of the parabolas given in the preceding 
example, Art. (87). 

47. Find the equation of a paiabola which, shall pass through 
tbo point x' = 3, y' = 5, Art (29). 

48. Find the intersection of the circle and parabola ivliose - 
eciuations are, Art. (27), 

^' + 3/' = 8, , y'' = 2x. 

40. Find the equation of a tangent to the parabola i;^ = — 2a;, 
at the point y' = 4, x' = 8, Art. (90). 

Find also the equation of a noimal at the same point, Art. (98). 

50. Find tlie equation of a tangent to the parabola y' = 4x, 
and parallel to the right line whose equation is, Arts. (30), (90), 

2y =: 3x + 5. 

51. Find the equations of the two tangents to the parabola 
represented by y^ = 6x, which shall pass through the point 
x' = 1, _ y' = 4, Ai't. (93). 

52. Find the equation of the polar line to the point c = 2, 
d ^= 1, for the parabola represeljted by y^ ^ 3.r, Art. (95). 

53. The equation of the polai' line to the same parabola being 



find the co-ordinates of the polo, Art. (95), 

54. The equation of a parabola being y^ = ix, find its 
equation when referred to a diameter and tangent at its vertex, 
the tangent mating an angle of 45° with the axis, Art. (99). 

55. Determine the axes, and construct tlie ellipses, wlioas 
equations are. Art. (106), 

3!/'' + 3»' = 4; i>J' + x" = 0. 
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56. Dotormine the axes and construct tlie hyperbolas, whose 
equations are, Ait. {10*7), 

6'?. Ascertain whether the point a' =■ % y' ^= 3i is 
without, on, or within each of the curves given in the last two ex- 
amples, Aris. (109), (no). 

58. Find the equation of an ellipse which shall pass through 
tlie point x'- =■ 3, y' = 2, the origin of co-ordinates being at 
the centre, arid the aemi-transveiBe axis equal to i, Art (126). 

59. Find the equation of an hyperbola which shall pass 
through the point a-* = ~ 3, y' = ~ 1, the origin being 
at tlie centre, and the semi-conjagate axis equal to 2, Ai-t, (126). 

60. Find the intersection of the ellipse and parabola, whose 
equations are, Art. (2T), 

2y^ + ix^ = 8, y-i = — ;>x. 

61. Find tte intersection of the eIlij)so and hyperbola, wlia-ie 
equations are. Art. (27), 



63. Find the equiitiona of a tangent and normal, to tha alljpse 
represented by 

iy-' -f- a;' = 9, . 
at the point x" = \; y" — "Z^, Art. (128). 

63. Find the equations of a tangent and normal to tlio liyper^ 

4!/= — 2.^^ = — 8, 
at the point x" ~ V^, y" = V% Arts. (131), (30). 
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64. Find the equation of a tangent to the ellipse 

i!/" + Qx^ = 36, 
and making the angle 45° with the axis, Arts. (30), (128). 

65. Find the equations of tlie two tangents to the ellipse re- 
presented by 

4*/= + Sx'' = 12, 

which shall pass through the point x' = 1, y' = 4^ Art. (133). 

66. Find the equations of the two taiigciiti to the hyperbola 
represented by 

j<2 _ 3x^ = _ 5^ 
which shall pass through die point x' = % y' = 3, Art,(134), 

67. Tlie equations of an ellipse and its polar line being 

4y^ + 33^ = 8 ; y — 2» + 6, 

find the co-ordinates of the pole, Ait. (139). 

68. The equation of an hyperbola being 



find the equation of the polar line of the polo c = A, tf = 0, 
Art. (140). 

69. Conatmct an. ellipse, the two conjugate diamctei's of which 
are 6 and 4, making an angle of 120° ; also an hypeilx)la having 
the same conjugate diameters, Art. (150). 

70. Find the position and length of the equal conjugate di 
ameters of the elliiBe, whose equation is, Art. (159), 

iy^ 4- 3z' = 12. 

71. Construct the asymptotes of the hyperbola, 
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4j<5 — Ix'' = — 8, 

and find its equation when refon'ed to them, Art. (161). 

72. Constiniet tlie hyperbola \Yliose equation is, Art. (110), 

2ay + 3y + :, _ 1 = 0. 

73. For examples jUustrating the discussion of the general 
equation of the second degree between two variables, see Arts, 
{178}, (176), (179). 

74. Ascertain if the line represented by the equation 

y» _ a:^ — 9a: — 3 = 0, 
has a centte, and determine its co-ordinates. Art. (181). 

75. FoT examples relating to loci, see Art. (194). 

76. Find the equation of the sur&co generated by revolving 
the right line whoso equations are 

4.1: = 32 + 2, a>/ = ~ J + 0, 

about the axis of Z, Art. (196). 

77. Find the equation of the paraboloid of revolution generated 
by the parabola represented by, Art. (198), 



78. Find the equations of the spheroids, generated by the 
ellipse represented by 



79. Find the equations of the hyperboloids, generated by the 
hyperbola represented by 
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